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Chapter 1 


Introduction to Statistics 
 
1. What Is Statistics 
 
Statistics is the sciences of conducting studies to collect, organize, summarize, analyze, 
and draw conclusions from data.  
 
2. Descriptive and Inferential Statistics 
  
A variable is a characteristic or attribute that can assume different values.  
Data are the values (measurements or observations) that the variables can assume. 
Variables whose values are determined by chance are called random variables. A 
collection of data values forms a data set. Each value in the data set is called a data 
values or a datum.  
 
Data can be use in different ways. The body of knowledge called statistics is sometimes 
divided into two main areas, depending on how data are used. The two areas are 
descriptive statistics and inferential statistics. 
In descriptive statistics the statistician tries to describe a situation.  
 
Descriptive statistics consists of the collection, organization, summarization and 
presentation of data.  
 
 The second area of statistics is called inferential statistics. Here, statistician tries 
to make inferences from samples to populations. Inferential statistics uses probability, 
the chance of an event occurring.  
 
 It is important to distinguish between a sample and a population 
 
A population consists of all subjects (human or otherwise) that are being studied.  
 
A sample is a group of subject selected from a population.  
 
Inferential Statistics consists of generalizing from samples to populations, performing 
estimations and hypothesis tests, determining relationships among variables, and making 
predictions.  
 
3. Variables and Types of Data 
 
Variables can be classified as qualitative or quantitative. Qualitative variables are 
variables that can be placed into distinct categories, according to some characteristic or 
attribute. For example, if subject are classified according to gender (male or female), the 
variable gender is qualitative.  
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 Quantitative variables are numerical and can be ordered or ranked. For example, 
the variable age, heights, weights, body temperature are numerical.  
 Quantitative variables can be further classified into two groups: discrete and 
continuous. Discrete variables can be assigned values such as 0, 1, 2, 3 and are said to be 
countable. Examples of discrete variables are the number of children in a family and the 
number of students in a classroom. 
 
Discrete variables assume values that can be counted.  
Continuous variables can assume all values between any two specific values. They are 
obtained by measuring.  
 
The classification of variable can be summarized as follows: 
 
 Data 
 
 
 
 
 
 
 
 
In addition to being classified as qualitative or quantitative, variables can be classified by 
how they are categorize, counted, or measured. For example, can the data be organized 
into specific categories, such as area of residence (rural, suburban, or urban)? Can the 
data value be ranked, such as first place second place, etc.? Or are the values obtained 
from measurement, such as heights or temperature? This type of classification, i.e., how 
variables are categorized, counted, or measured, uses measurement scales, and four 
common types of scales are used: nominal, ordinal, interval, and ratio.  
 
The nominal level of measurement classifies data into mutually exclusive (non-
overlapping), exhausting categories in which no order or ranking can be imposed on the 
data.  
Example: College instructors are classified according to subject they taught (e.g., 
English, Math, history, or psychology). Gender, eye color, political or religious 
affiliation, nationality and so on are nominal-level data.  
 
The ordinal level of measurement classifies data into categories that can be ranked; 
however, precise differences between the ranks do not exist.  
Example: Letter grades (A, B, C, D, F), rating scale (poor, good, excellent) 
 
The interval level of measurement ranks data, and precise differences between units of 
measure do exist; however, there is no meaningful zero (no true zero).  
Example: Body temperature (in degrees Celsius), IQ.  
 


Qualitative Quantitative 


Discrete Continuous 
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The ratio level of measurement possesses all the characteristics of interval 
measurement, and there exists a true zero. In addition, true ratios exist when the same 
variable is measured on two different members of the population.  
Example: height, weight, time, salary and age etc..  
 
4. Data Collection and Sampling Techniques 
 
Data can be collected in a variety of ways. One of the most common methods is through 
the use of surveys. Surveys can be done by using a variety of methods. Three of the most 
common methods are the telephone survey, the mailed questionnaire, and the personal 
interview.  
 
Data can also be collected in other ways, such as surveying records or direct observation 
of situations.   
 
To obtain samples that are unbiased (i.e., give each subject in the population and equally 
likely chance of being selected) statisticians use four basic methods of sampling: random, 
systematic, stratified, and cluster sampling.  
 
Random Sampling 
Random Samples are selected by using chance methods or random numbers. One such 
method is to number each subject in the population. Then place numbered cards in a 
bowl, mix them thoroughly, and select as many cards as needed. Statisticians also use 
another method of obtaining numbers. They generated random numbers with a computer 
or calculator. Before the invention of computers, random numbers were obtained from a 
table or random numbers.  
 
Systematic Sampling 
Researchers obtain systematic samples by numbering each subject of the population and 
then selecting every kth subject. For example, suppose there were 2000 subjects in the 
population and a sample of 50 subjects were needed. Since 2000÷50=40, then k=40, and 
every 40th subject would be selected; however, the first subject (numbered between 1 and 
40) would be selected at random. Suppose subject 12 were the first subject selected; then 
the sample would consist of the subjects whose numbers were 12, 52, 92, etc., until 50 
subjects were obtained.  
 
Stratified Sampling 
Researchers obtain stratified samples by dividing the population in groups (called strata) 
according to some characteristic that is important to the study, then sampling from each 
group.  
 
Cluster Sampling 
Researchers select cluster samples by using intact groups called clusters. Suppose 
researchers wish to survey apartment dwellers in a large city. If there are 10 apartment 
buildings in the city, the researcher can select at random 2 buildings from the 10 and 
interview all the residents of these buildings.  
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Chapter 2 


Frequency Distributions  
and Graphs 


 
1. Introduction 
When conducting a statistical study, the researcher must gather data for the particular 
variable under study.  
To describe situations, draw conclusions, or make inferences about events, the researcher 
must organize the data in some meaningful way. The most convenient method of 
organizing data is to construct a frequency distribution  
After organizing the data, the researcher must present them so they can be understood by 
those who will benefit from reading the study. The most useful method of presenting the 
data is by constructing statistical charts and graphs. There are many different types of 
charts and graphs, and each one has a specific purpose.  
 
2. Organizing Data 
Suppose a researcher wished to do a study on the number of miles that the employees of a 
large department store traveled to work each day. The researcher first would have to 
collect the data by asking each employee the approximate distance the store is from his or 
her home. When data are collected in original form, they are called raw data. In this 
case, the data are 


1 2 6 7 12 13 2 6 9 5
18 7 3 15 15 4 17 1 14 5
4 16 4 5 8 6 5 18 5 2
9 11 12 1 9 2 10 11 4 10
9 18 8 8 4 14 7 3 2 6


 
Since little information can be obtained from looking at raw data, the researcher 
organizes the data by constructing a frequency distribution. The frequency is the number 
of values in a specific class of the distribution. For this data set, a frequency distribution 
is shown. 


Class Limits 
(in miles) Frequency 


1-3 10 
4-6 14 
7-9 10 


10-12   6 
13-15   5 
16-18   5 


   Total 50 
Now some general observations can be obtained from looking at the data in the form of a 
frequency distribution. 
A frequency distribution is the organization of raw data in table from, using classes and 
frequency.  
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The classes in this distribution are 1-3, 1-4, etc. These values are called class limits. 
Two types of frequency distributions that are most often used are the categorical 
frequency distribution and the grouped frequency distribution. The procedures for 
constructing this distribution are shown now.  
 
2.1 Categorical Frequency Distributions 
The categorical frequency distribution is used for data that can be placed in specific 
categories, such as nominal or ordinal level data. For example, data such as political 
affiliation, religious affiliation, or major field of study would use categorical frequency 
distributions.  
Example 1  
20 army inductees were given a blood test to determine their blood type. The data set is  
  


A B B AB O 
O O B AB B 
B B O A O 
A O O O AB 
AB A O B A 


 
Construct a frequency distribution for the data.  
Solution 
 There are four blood types, which will be used as the classes in the distribution. 
 Step1: Make a table as shown 
 


A 
Class 


B 
Tally 


C 
Frequency 


D 
Percent 


A    
B    
O    


AB    
  


Step2: Tally the data and place the results in column B 
Step3: Cont the tallies and place the results in column C 
Step4: Find the percentage of values in each class by using the formula  


  % 100%f
n


= ⋅  


where f = frequency of the class and n = total number of values. For 
example, in the class of type A blood, the percentage is  


 5% 100% 20%
25


= ⋅ =  


Note: Percentage is not normally a part of frequency distribution, but they can be added 
since they are used in certain types of graphical representation, such as pie chart.  
 Step5: Find the totals for column C and D 
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A 
Class 


B 
Tally 


C 
Frequency 


D 
Percent 


A //// 5 20 
B //// //  7 28 
O ////  //// 9 36 


AB //// 4 16 
  25 100 


 
2.2 Grouped Frequency distributions 
When the range of the data is large, the data must be grouped into classes that are more 
than one unit in width. For example, a distribution of the number of hours that boat 
batteries lasted is 


Class 
Limits 


Class 
Boundaries 


Frequency Cumulative 
Frequency 


24-30 23.5-30.5 3 3 
31-37 30.5-37.5 1 4 
38-44 37.5-44.5 5 9 
45-51 44.5-51.5 9 18 
52-58 51.5-58.5 6 24 
59-65 58.5-65.5 1 25 


 
In this distribution, the value 24 and 30 of the first class are called class limits. The lower 
class limit is 24; it represents the smallest data value that can be included in the class. 
The upper class limit is 30; it represents the largest data value that can be included in the 
class. The numbers in the second column are called class boundaries. These numbers are 
used to separate the classes so that there are no gaps in the frequency distribution. The 
gaps are due to the limits; for example, there is a gap between 30 and 31. Finally, the 
class width for a class in a frequency distribution is found by subtracting the lower (or 
upper) class limit of one class from the lower (or upper) class limit of the next class. For 
example the class width in the preceding distribution on the duration of boat batteries is 
7, found from 31-24=7. The class width can also be found by subtracting the lower 
boundary from the upper boundary for any given class. In this case, 30.5-23.5 = 7 
 
The researcher must decide how many classes to use and the width of each class. To 
construct a frequency distribution, follow these rules: 
 (i). There should be between 5 and 20 classes. Although there is no hard-and –fast 
rule for the number of classes contained in a frequency distribution, it is of the utmost 
importance to have enough classes to present a clear description of the collected data.  
 
 (ii). The class width should be an odd number. This ensures that the midpoint of 
each class has the same place value as the data. The class midpoint mX is obtained by 
adding the lower and upper boundaries and dividing by 2, or adding the lower and upper 
limits and dividing by 2: 


  lower boundary + upper boundary
2mX =  
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or  lower limit + upper limit
2mX =  


For example, the midpoint of the first class in the example with boat batteries is  


  24 30 23.5 30.527 or 27
2 2
+ +


= =  


Rule 2 is only a suggestion, and it is not rigorously followed.  
 (iii). The classes must be mutually exclusive. Mutually exclusive classes have 
non-overlapping class limits so that data cannot be placed into two classes.  


 
Age 


10-20 
21-31 
32-42 
43-53 


 
 
 
 (iv). The classes must be continuous. Even if there are no values in a class, the 
class must be included in the frequency distribution. There should be no gaps in a 
frequency distribution. The only exception occurs when the class with a zero frequency is 
the first or last class. A class with a zero frequency at either end can be omitted without 
affecting the distribution.   
 (v). The class must be exhaustive. There should be enough classes to 
accommodate all the data.  
 (vi). The classes must be equal in width. This avoids a distorted view of the data.  
  One exception occurs when there is an open-ended distribution-i.e., it 
has no specific beginning value or no specific ending value. Here are the class limits for 
two open-ended distributions.  
  


 
  
 
 
 
 
 
 


 
Example 
 These data represent the record high temperatures for each of the 50 states. Construct a 
grouped frequency distribution for the data using 7 classes.  


Age 
10-20 
 20-30 
30-40 
40-50 


Age 
10-20 
 21-31 
32-42 
43-53 
54-64 
65 and above 


Minutes 
Below 110 
110-114 
115-119 
120-124 
125-129 
130-134 


Not mutually exclusive Mutually exclusive 
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The procedure for constructing a grouped frequency distribution for numerical data 
follows 
 
Step1: Determine the classes 
 Find the highest value and lowest value: 134 and 100H L= =  
 Find the range: 134 100 34R H L= − = − =  
 Select the number of classes desired. In this case, 7 is arbitrarily chosen. Find the 
 the class with by dividing the range by the number of classes. 


  34width 4.9
number of classes 7


R
= = =  


 Round the answer up to the nearest whole number: 4.9 5≈  
   


 Select a starting point for the lowest class limit. This can be the smallest data 
value or any convenient number less than the smallest data value. In this case 100 
is used. Add the width to the lowest score taken as the starting point to get the 
lower limit of the next class. Keep adding until there are 7 classes, as shown 100, 
105, 110, etc. 
Subtract 1 unit from the lower limit of the second class to get the upper limit of 
the first class. Then add the width to each upper limit to get all the upper limits.  
  105 1 104− =  
The first class is100 - 104, the second is 105 – 109, etc. 
Find the class boundaries by subtracting 0.5 from each lower class limit and 
adding 0.5 to each upper class limit: 99.5-104.5, 104.5-109.5, etc. 


Step2: Tally a data 
Step 3: Find the numerical frequencies from the tallies 
Step4: Find the cumulative frequencies.  
 The completed frequency distribution is 
 


Class 
limits 


Class 
boundaries 


 
Tally 


 
Frequency


Cumulative 
frequency 


100-104 99.5-104.5  2 2 
105-109 104.5-109.5  8 10 
110-114 109.5-114.5  18 28 
115-119 114.5-119.5  13 41 
120-124 119.5-124.5  7 48 
125-129 124.5-129.5  1 49 
130-134 129.5-134.5  1 50 


 
When the range of the data values is relatively small, a frequency distribution can be 
constructed using single data values for each class. This type of distribution is called an 
ungrouped frequency distribution and shown next.  


112 100 127 120 134 118 105 110 109 112 
110 118 117 116 118 122 114 114 105 109 
107 112 114 115 118 117 118 122 106 110 
116 108 110 121 113 120 119 111 104 111 
120 113 120 117 105 110 118 112 114 114 
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The steps for constructing a grouped frequency distribution are summarized in the 
following Procedure.  


(i). Determine the classes: Find the highest and lowest value, find the range, select 
the number of classes desired, find the width by dividing the rage by the number of 
classes and rounding up, select a starting point (usually the lowest value or any 
convenient number less than the lowest value), add width to get the lower limits, find the 
upper class limits, and the boundaries.  


(ii). Tally the data.  
(iii) Find the numerical frequencies from the tallies.  
(iv). Find the cumulative frequencies. 


 
3. Histograms, Frequency Polygons, and Ogives 
3.1 Histogram 


A histogram is a graph that displays the data by using contiguous vertical bars 
(unless the frequency of a class is 0) of various heights to represent the 
frequencies of the classes. 
 


Example 
Construct a histogram to represent the data shown below for the record high temperature: 
  


Class 
boundaries 


 
Frequency


99.5-104.5 2 
104.5-109.5 8 
109.5-114.5 18 
114.5-119.5 13 
119.5-124.5 7 
124.5-129.5 1 
129.5-134.5 1 


Solution 
(i). Draw and label the x and y axis. The x axis is always the horizontal axis, and 
the y axis is always the vertical axis. 
(ii). Represent frequency on y axis and the class boundaries on the x axis.  
(iii). Using the frequencies as the heights, draw vertical bars for each class. 
 
 


 
 


  
 
 
 
 
 
3.2 The Frequency Polygon 
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The frequency polygon is a graph that displays the data by using lines that connect 
points plotted for the frequencies at the midpoint (class mark) of the classes. The 
frequencies are represented by the heights of the points.  
Example 
Use the above data to construct a frequency polygon.  
Solution 
 (i). Find the midpoints (class marks) of each class to get the results as shown 
below 
  


Class 
boundaries 


 
Midpoints 


 
Frequency


99.5-104.5 102 2 
104.5-109.5 107 8 
109.5-114.5 112 18 
114.5-119.5 117 13 
119.5-124.5 122 7 
124.5-129.5 127 1 
129.5-134.5 132 1 


 
 (ii). Draw and label the x and y axis. Label x axis with the midpoints of each class, 
and then use a suitable scale on the y axis for the frequencies. 
 (iii). Using the midpoints for the x values and the frequencies as the y values, plot 
the points. 
 (iv). Connect adjacent points with line segments. Draw a line back to the x axis at 
the beginning and end of the graph, at the same distance that the previous and next 
midpoints would be located.  
 
  
 
 
 
 
 
 
 
 
 
3.3 The Ogive 
The third type of graph that can be used represents the cumulative frequencies for the 
classes. This type of graph is called the cumulative frequency graph or ogive. The 
cumulative frequency is the sum of the frequencies accumulated up to the upper 
boundary of a class in the distribution. 
  


The Ogive is a graph that represents the cumulative frequencies for the classes in 
a frequency distribution.  


Example 
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Construct an Ogive for the frequency distribution in example above. 
Solution 
 (i). Find the cumulative frequency for each class.  
 
 


Class 
boundaries 


 
Frequency


Cumulative
Frequency 


99.5-104.5 2 2 
104.5-109.5 8 10 
109.5-114.5 18 28 
114.5-119.5 13 41 
119.5-124.5 7 48 
124.5-129.5 1 49 
129.5-134.5 1 50 


  
(ii). Draw and label the x and y axis. Label x axis with the class boundaries, Use 
an appropriate scale for the y axis to represent the cumulative frequencies.  
(iii). Plot the cumulative frequency at each upper class boundary. Upper 
boundaries are used since the cumulative frequencies represent the number of data 
values accumulated up to the upper boundary of each class. 
 
 
 
 
 


 
 
 
 
 
 
 
 
 The steps for drawing these three types of graphs are shown as follows 
 Step1: Draw and label the x and y axis 


Step2: Choose a suitable scale for the frequencies or cumulative frequencies, and 
label it on the y axis.  
Step3:  Represent the class boundaries for the histogram or Ogive, or the midpoint 
for the frequency polygon, on the x axis.  
Step4: Plot the points then draw the bars or lines. 
 


3.4 Relative Frequency Graphs 
The histogram, the frequency polygon, and the Ogive shown previously were constructed 
by using frequencies in terms of the raw data. These distributions can be converted to 
distributions using proportions instead of raw data as frequencies. These types of graphs 
are called relative frequency graphs. 
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To convert a frequency into a proportion or relative frequency, divide the frequency for 
each class by the total of frequencies. These graphs are similar to the ones that use raw  
data as frequencies, but the value on y axis are in terms of proportions.  
Example 
Construct a histogram, frequency polygon, and Ogive using relative frequencies for the 
distribution (shown below) of the miles that 20 randomly selected runners ran during a 
given week 
 


Class boundaries Frequency Cumulative frequency 
5.5-10.5 1 1 
10.5-15.5 2 3 
15.5-20.5 3 6 
20.5-25.5 5 11 
25.5-30.5 4 15 
30.5-35.5 3 18 
35.5-40.5 2 20 


 
Solution 


Step1: Convert each frequency to a proportion or relative frequency by dividing 
the frequency for each class by the total number of observations. For class 5.5-


10.5, the relative frequency is 1 0.05
20


= , for class 10.5-15.5, the relative 


frequency is 2 0.10
10


=  and so on.  


Step2: Find the cumulative relative frequencies. 
 


 
Class 


boundaries 


 
 


Midpoints 


 
Relative 


frequency 


Cumulative 
relative 


frequency 
5.5-10.5 8 0.05 0.05 
10.5-15.5 13 0.10 0.15 
15.5-20.5 18 0.15 0.30 
20.5-25.5 23 0.25 0.55 
25.5-30.5 28 0.20 0.75 
30.5-35.5 33 0.15 0.90 
35.5-40.5 38 0.10 1.00 


 Step3: Draw each graph. For the histogram and ogive, use the class boundaries 
along the x axis. For the frequency polygon, use the midpoints on the x axis. The 
scale on the y axis uses proportions.  
 


4. Other Types of Graphs  
4.1 Pareto Charts 
When the variable displayed on the horizontal axis is qualitative or categorical, a Pareto 
Chart can be used.  
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 A Pareto chart is use to represent a frequency distribution for a categorical variable, and 
the frequencies are displayed by the heights of vertical bars, which are arranged in order 
from highest to lowest.  
Example 
The table shown here displays the number of crimes investigated by law enforcement 
officers in U.S. national parks during 1995. Construct a Pareto chart for the data.  


Type Number 
Homicide 13 
Rape 34 
Robbery 29 
Assault 164 


 
Solution 
Step1: Arrange the data from the largest to the smallest according to frequency 
 


Type Number 
Assault 164 
Rape 34 
Robbery 29 
Homicide 13 


Step2: Draw and label x and y axes.  
Step3: Draw the bar corresponding the frequencies.  
 
 
 
 
 
 
 
 
 
 
 
 
4. 3 The Pie Graph 
Pie graphs are used extensively in statistics. The purpose of the pie graph is to show the 
relationship of the parts to the whole by visually comparing the sizes of the sectors. 
Percentages or proportions can be used. The variable is nominal or categorical. 
 
 A pie graph is a circle that is divided into sections or wedges according to the 
percentage of frequencies in each category of the distribution.  
 
Example 
This frequency distribution shows the number of pounds of each snack food eaten during 
the 1998 Super Bowl. Construct a pie graph for the data.  
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Snack Million pounds 
Potato Chips 11.2 
Tortilla Chips 8.2 
Pretzels 4.3 
Popcorn 3.8 
Snack nuts 2.5 


Solution: 
Step1: Since there are 360 in a circle, the frequency for each class must be converted 


into a proportional part of the circle. This conversion is done by using the formula 


  Degrees 360f
n


=  


 where f is the frequency of each class and n is the sum of the frequencies. Hence, 
the following conversions are obtained. 


  


11.2Potato chips 360 134
30


...........................................
2.5Snack nut 360 30
30


× =


× =


 


Step2: Each frequency must also be converted to a percentage. Use the formula 


  % 100%f
n


= ×  


 Hence, the following percentages are obtained.  


  


11.2Potato chips 100% 37.3%
30


...........................................
2.5Snack nut 100% 8.3%
30


× =


× =


 


Step3: Using the protractor and a compass, draw the graph and label each section with 
the name and percentages.  


 
  
 
 
 
 
 
 
 
 
 
 
 
4.4 Stem and Leaf Plots 


Potato 
Chips, 11.2


Tortilla 
Chips, 8.2


Pretzels, 4.3


Popcorn, 3.8


Snack 
nuts, 2.5


Potato Chips Tortilla Chips Pretzels Popcorn Snack nuts
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The stem and leaf plot is a method of organizing data and is a combination of sorting and 
graphing. It has the advantage over a grouped frequency distribution of retaining the 
actual data while showing them in graphic form.  
  


A stem and leaf plot is a data plot that uses part of the data value as the stem and 
part of the data value as the leaf to form groups or classes.  
 


Example 
At an outpatient testing center, the number of cardiograms performed each day for 20 
days is shown. Construct a tem and leaf plot for the data. 
  


25 31 20 32 13
14 43 02 57 23
36 32 33 32 44
32 52 44 51 45


Solution 
Setp1: Arrange the data in order: 
 02, 13, 14, 20, 23, 25, 31, 32, 32, 32, 32, 33, 36, 43, 44, 44, 45, 51, 52, 57 


Note: Arranging the data in order is not essential and can be cumbersome when 
the data set is large; however, it is helpful in construction a stem and leaf plot.  


Step2: Separate the data according to the first digit, as shown 
 02 13, 14  20, 23, 25 31, 32, 32, 32, 32, 33, 36 
 43, 44, 44, 45  51, 52, 57 
Step3: A display can be made by using the leading digit as the stem and the trailing digit 


as the leaf.  For example, for the value 32, the leading digit, 3, is the stem and the 
trailing digit, 2, is the leaf.  


 
  


0 2 
1 3 4 
2 0 3 5 
3 1 2 2 2 2 3 6 
4 3 4 4 5 
5 1 2 7 


 
Example 
An insurance company researcher conducted a survey on the number of car thefts in a 
large city for a period of 30 days last summer. The raw data are shown below. Construct 
a stem and leaf plot by using classes 50 – 54, 55 – 59, 60 – 64, 65 – 69, 70 – 74, and 75 – 
79. 
  


52 62 51 50 69
58 77 66 53 57
75 56 55 67 73
79 59 68 65 72
57 51 63 69 75
65 53 78 66 55


Leading digit (stem) Trailing digit (stem)
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Solution 
Separate the data according to the classes 50, 51, 51, 52, 53, 53, 55, 55, 56, 57, 57, 58, 
59, 62, 63, 65, 65, 66, 66, 67, 68, 69, 69, 72, 73, 75, 75, 77, 78, 79 
 
 
 
 


Leading digit (stem) Trailing digit (leaf) 
 


5 
 
0 1 1 2 3 3 


5 5 5 6 7 7 8 9 
6 2 3 
6 5 5 6 6 7 8 9 9 
7 2 3  
7 5 5 7 8 9 


When the data values are in the hundreds, such as 325, the stem is 32 and the leaf is 5. 
For example, the stem and leaf plot for the data values 325, 327, 330, 332, 335, 341, 345, 
and 347 looks like this.  


32 5 7 
33 0 2 5 
34 1 5 7 


    
 
 
 








  Data description 


Chapter 3 


 
Data Description 


 
1 Introduction 
This chapter shows the statistical methods that can be used to summarize data. The 
most familiar of these methods is the finding of averages. Loosely stated, the average 
means the central of the distribution of the most typical case. Measures of average are 
also called measures of central tendency and include mean, median, mode and 
midrange. 
In addition to knowing the average, one must know how data values are dispersed. 
That is, do the data values cluster around the mean? Or are they spread more evenly 
throughout the distribution? The measures that determine the spread of the data values 
are called measure of variation or measure of dispersion. These measures include the 
range, variance and standard deviation.  
 
Finally, another set of measures is necessary to describe data. These measures are 
called measures of position. The most common position measures are percentiles, 
deciles, and quartiles. 
 


2 Measures of Central Tendency 


Measures found by using all the data values in the population are called parameters. 
Measures obtained by using the data values of the samples are called statistics. 
 
A statistic is a characteristic or measure obtained by using the data values from a 
sample. A parameter is a characteristic or measure obtained by using all the data 
values for a specific population.  
 
2.1 Mean (Arithmetic Mean) 


The mean is the sum of the values, divided by the total number of the values. 
The symbol X represents the sample mean. 


n


 1 2 1
i


n i
X


X X XX
n n


=+ + +
= =


∑
 


or  
X


X
n


= ∑  


where n represents the total number of the values in the sample.  
For a population, the Greek letter μ (mu) is used for the mean 


N


 1 2 1
i


N i
X


X X X
N N


μ =+ +
= =


∑
 


or  
X


N
μ = ∑  
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Example 
The data represent the numbers of days off per year for a sample of individuals 
selected from nine different counties. Find the mean 20, 26, 40, 36, 23, 42, 35, 24, 30 
Solution  


 20+26+40+36+23+42+35+24+30 276 30.7
9 9 9


X
X = = = =∑  


Hence the mean of the number of days off is 30.7 
 
Example 
Use the frequency distribution of the miles that 20 randomly selected runners ran 
during a given week. (The last example in section 4 of chapter 2). Find the mean. 
  


Class boundaries Frequency Cumulative frequency 
5.5-10.5 1 1 
10.5-15.5 2 3 
15.5-20.5 3 6 
20.5-25.5 5 11 
25.5-30.5 4 15 
30.5-35.5 3 18 
35.5-40.5 2 20 


 
Solution  


Step1: Make a table as shown 
  


A 
Class  


B 
Frequency ( f )


C 
Midpoint ( )mX m 


D 
f X⋅  


5.5-10.5 1   
10.5-15.5 2   
15.5-20.5 3   
20.5-25.5 5   
25.5-30.5 4   
30.5-35.5 3   
35.5-40.5 2   


Step2:  Find the midpoints of each class and enter them in C. 
Step3: For each class, multiply the frequency by the midpoint and place the 


product in D. 
 The completed table is shown here. 


A 
Class  


B 
Frequency ( f ) 


C 
Midpoint ( )mX  


D 
mf X⋅  


5.5-0.5 1 8 8 
10.5-15.5 2 13 26 
15.5-20.5 3 18 54 
20.5-25.5 5 23 115 
25.5-30.5 4 28 112 
30.5-35.5 3 33 99 
35.5-40.5 2 38 76 


 
Step4: Find the sum in column D. 


 18







  Data description 


Step5: Divide the sum by n to get the mean. 
490 24.5
20


mf X
X


n
⋅


= = =∑  


The step for finding the mean for grouped data are summarize as 
follows 


Step1: Make a table as shown 
 A 


Class  
B 


Frequency ( f ) 
C 


Midpoint ( )mX m 
D 


f X⋅  
Step2: Find the midpoint of each class and place them in column C. 
Step3: Multiply the frequency by the midpoint of each class and place the 


product in column D. 
Step4: Find the sum of column D. 
Step5: Divide the sum obtained in column D by the sum of frequencies 


obtained in B.  
 The formula for the mean is  


mf X
X


n
⋅


= ∑  


 
2.2 The Median 
The median is the halfway point in a data set. Before one can find this point, the data 
must be arranged in order. When data set is ordered, it is called a data array. 
 
 A median is the midpoint of the data array. The symbol for the median is MD.  
 
Steps in computing the median of a data array: 


Step1: Arrange the data in order 
Step2: Select the midpoint 


 
Example 
The number of rooms in the seven hotels in downtown Pittsburgh is 713, 300, 618, 
595, 311, 401, and 292. Find the median.  
Solution  
Step1: Arrange the data in order 
 292, 300, 311, 401, 595, 618, 713 
Step2: Select the middle value 
 292, 300, 311, 401, 595, 618, 713 
 
 
Hence, the median is 401 rooms. 
 
Example  
The number of cloudy days for the top ten cloudiest cities is shown. Find the median.  


209, 223, 211, 227, 213, 240, 240, 211, 229, 212 
 
Solution 
 Arrange the data in order 
 209, 211, 211, 212, 213, 223, 227, 229, 240, 240 
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 213 223 218
2


MD +
= =  


Hence the median is 218 days. 
 
For grouped data, we cannot find the exact median. It can be estimated, however, by 
(1) locating the class in which the median lie and (2) interpolating within that class to 
arrive at the median. The formula is  
  


  2Median


n CF
LB W


f


−
= + ×  


where: 
 LB denotes lower class boundary of the class containing the median 
 n denotes the total of frequencies 
 f denotes the frequency of the class containing median 
 W denotes the class width. 
 CF denotes cumulative number of frequencies in the classes preceding the 
class containing median. 
 
Example 
Below is a frequency table showing the distribution of grade points of students. Find 
the median. 
 


Class Frequency
30-39 4 
40-49 6 
50-59 8 
60-69 12 
70-79 9 
80-89 7 
90-99 4 


Solution: 
   


Class Frequency CF 
30-39 4 4 
40-49 6 10 
50-59 8 18 
60-69 12 30 
70-79 9 39 
80-89 7 46 
90-99 4 50 


We have , and and since10W = 50n = 50 25
2 2
n
= = , the median falls in the class     60-


69, so . By the formula, we obtain 60= −0.5LB 59.5=


  25 182Median 59.5 10 65.33
12


n CF
LB W


f


− −
= + × = + × =  


Example 
Given the frequency distribution as below. Estimate the median. 
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Class Frequency  Class Frequency 
80-89 5  110-119 8 
90-99 9  120-129 6 


100-109 20  130-139 2 
 
 
2.3 The Mode 
 The value that occurs most often in a data set is called the mode. 
  
 A data set can have more than one mode or no mode.  
 
Example  
The following data represent the duration (in days) of U.S. space shuttle voyages for 
the years 1992 – 1994. Find the mode. 8, 9, 9, 14, 8, 8, 10, 7, 6, 9, 7, 8, 10, 14, 11, 8, 
14, 11 
 
Solution  
It is helpful to arrange the data in order, although it is not necessary 6, 7, 7, 8, 8, 8, 8, 
8, 9, 9, 9, 10, 10, 11, 11, 14, 14, and 14. Since 8-day voyages occurred 5 times, a 
frequency larger than any other number, the mode for the data set is 8.  
 
Example  
Find the mode for the number of coal employees per county for ten selected counties 
in southwestern Pennsylvania. 110, 731, 1031, 84, 20, 118, 1162, 1977, 103, 752 
Solution  
Since each value occurs only once, there is no mode.  
 
Example  
Eleven different automobiles were listed at a speed of 15 miles per hour for stopping 
distances. The data are shown below. Find the mode. 15, 18, 18, 18, 20, 22, 24, 24, 
24, 26, 26 
Solution  
Since 18 and 24 both occur 3 times, the modes are 18 and 24. This data set is said to 
be bimodal.  
 
The mode for grouped data is the modal class. The modal class is the class with the 
largest frequency.  
 
Example 
Find the modal class for the frequency distribution of miles that 20 runners ran in one 
week. 
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Solution 
A 


Class  
B 


Frequency ( f )
5.5-10.5 1 
10.5-15.5 2 
15.5-20.5 3 
20.5-25.5 5 
25.5-30.5 4 
30.5-35.5 3 
35.5-40.5 2 


Modal class 


Solution 
 The modal class is 20.5-25.5, since it has the largest frequency. Sometimes the 


midpoint of the class is used rather that boundaries. Hence the mode could 
also be given as 23 miles per week.  


 
The mode is the only measure of central tendency that can be used in finding the most 
typical case when the data are nominal or categorical.  
Example 
A survey showed this distribution for the number of students enrolled in each field. 
Find the mode.  
 


Business 1425 
Liberal Arts 878 
Computer Science 632 
Education 471 
General Study 95 


Solution  
Since the category with the highest frequency is business, the most typical case is a 
business major.  
2.4 The Midrange 
 The midrange is defined as the sum of the lowest and highest values in the 


data set, divided by 2. The symbol is used for the midrange MR


  lowest value highest valueMR
2
+


=  


Example 
Find the midrange of this data set: 2, 3, 6, 8, 4, 1.  
Solution 
The highest value is 8, and the lowest value is 1, hence, the midrange is  


  1 8MR 4.5
2
+


= =  


2.5 The Weighted Mean 
Sometimes, one must find the mean of a data set in which not all values are equally 
represented. This type of mean that consider an additional factor is called the 
weighted mean and is used when the values are not all equally represented.  


 
We find the weighted mean of a variable X by multiplying each value by its 
corresponding weight and dividing the sum of the products by the sum of the weights.  
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1 2


1


n


i i
n n i


n
n


i
i


w X
w X w X w XX


w w w w


=


=


+ + +
= =


+ + +


∑


∑
 


where , 1, 2,...,iX i n=  are the values and , 1, 2,...,iw i n= are the weights. 
 
Example below shows how the weighted mean is used to compute a grade point 
average. Since courses vary in their credit value, the number of credits must be used 
as weights. 
 
Example 
A student received an A in English Composition (3 credits), a C in Introduction to 
Psychology (3 credits), a B in Biology (4 credits) and a D in Physical Education (2 
credits). Assuming A= 4 grade points, B=3 grade points, C=2 grade points, D=1 
points and F=0 grade point, find the student grade point average. 
 
Solution  
  


Courses  Credits(w) Grade X 
English Composition 3 A (4 points) 
Introduction to Psychology  3 C (2 points) 
Biology 4 B (3 points) 
Physical Education 2 D (1 points) 


 


 3 4 3 2 4 3 2 1 32 2.7
3 3 4 2 12


wX
X


w
× + × + × + ×


= = = =
+ + +


∑
∑


 


 
2.6 Distribution Shapes 
Frequency distribution can assume many shapes. The most important shapes are 
positively skewed, symmetric, and negatively skewed. Figures below show 
histograms of each.  
  


y


x


Mode Median Mean
( )a Positively skewed or right-skewed


y


x


( )Negatively skewed or left-skewed
ModeMedianMean


b
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Mode
Median
Mean


( )c Symmetric


x


y
 
 
 
 
 
 
 
 
 
 
 
 
3 Measures of Variation 
 
For the spread or variability of a data set, three measures are commonly used: range, 
mean deviation, variance, and standard deviation. Each measure will be discussed in 
this section.  
 
3.1 Range  
The range is the highest value minus the lowest value. The symbol R is used for the 
range.  
   highest value lowest valueR = −
Example 
Table below shows the duration in months the outdoor paint will last before fading. 
Find the range of the paint. 
 


Brand A Brand B 
10 35 
60 45 
50 30 
30 35 
40 40 
20 25 


 
Solution 


For brand A, the range is  
  months 60 10 50R = − =


For brand B, the range is  
  months  45 25R = −
3. 2 Mean Deviation 
Mean Deviation is the arithmetic mean of the absolute values of the deviations from 
the arithmetic mean. The formula is 
  


  Mean Deviation
X X
n
−


= ∑  


where X is the value of each observation 
 X is the arithmetic mean of the values. 
  is the number of observations in the sample n
Example 
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The number of patients seen in the emergency room in a hospital for a sample of 5 
days last year was: 103, 97, 101, 106, and 103. Determine the mean deviation and 
interpret.  
Solution 
First find the arithmetic mean 


 103 97 101 106 103Mean 102
5


+ + + +
= =  


then we construct the table 
 


X X−Number of cases X X  −  


103 103-102= 1 1 
97 97-102= -5 5 


101 101-102= -1 1 
106 106-102= 4 4 
103 103-102= 1 1 


  Total 12 
 


  12Mean deviation 2.4
5


X X
n
−


= = =  


Hence the mean deviation is 2.4 patients per day. The number of patients deviates, on 
average, by 2.4 patients from the mean of 102 patients per day.  
 
Example 
The weight of a group of crates being shipped to Ireland is (in pounds) 
95, 103, 105, 110, 104, 105, 112, and 90. a) What is the range of the weights?  
b) Compute the arithmetic mean weight. c) Compute the mean deviation of the 
weights. (answer: a) 22, b) 103, c) 5.25 pounds) 
 
To have a more meaningful statistic to measure the variability, statisticians use 
measures called the variance and standard deviation.  
3.3 Population Variance and Standard Deviation 
 
The variance is the average of the squares of the distance each value is from the 
mean. The symbol for the population variance is 2σ (σ is the Greek lowercase letter 
sigma) 
The formula for the population variance is  


  
( )2


2 X
N


μ
σ


−
= ∑  


where  
 X is individual value. 
 μ is the population mean. 
 is the population size. N
 
The standard deviation is the square root of the variance. The symbol for the 
population standard deviation isσ .  
The corresponding formula for the population standard deviation is  
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( )2


2 X
N


μ
σ σ


−
= = ∑  


 
Example 
Find the variance and standard deviation for brand B paint data in the above example. 
The months were 35, 45, 30, 35, 40, 25 
Solution 
Step1: Find the mean 


  35 45 30 35 40 25 210 35
6 6


X
N


μ + + + + +
= = = =∑  


Step: Subtract the mean from each value, and place the result in column B of the table 
Step3: Square each result and place the squares in column C of the table. 
  


A 
X  


B 
X μ−  


C 
( )2X μ−  


35 0 0 
45 10 100 
30 -5 25 
35 0 0 
40 5 25 
25 -10 100 


Step4: Find the sum of the square in C 
  ( )2 0 100 25 0 25 100 250X μ− = + + + + + =∑
Setp5: Divide the sum by N to get the variance 


 
( )2


2 250 41.7
6


X
N


μ
σ


−
= = =∑  


Step6: Take the square root to get the standard deviation 


 
( )2


41.7 6.5
X
N


μ
σ


−
= =∑ =  


Hence, the standard deviation is 6.5 
 
3.4 Sample Variance and Standard Deviation 
The formula for the sample variance, denoted by , is  2s


 
( )2


2


1
X X


s
n
−


=
−


∑  


where X is the individual value 
 X is the sample mean 
  is the sample size. n
The standard deviation of a sample is  s


 
( )2


2


1
X X


s s
n
−


= =
−


∑  


where X is the individual value 
 X is the sample mean 
  is the sample size. n
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 Computation Formulas for and  2s s


The shortcut formulas for computing the variance and standard deviation for 
data obtained from samples are as follows.  
 


Variance Standard deviation 


( )2


1


2


2
X X n


n


⎡ ⎤
⎢ ⎥⎣ ⎦
−


∑ ∑ ( )
s


−
=  


22


1


X X n
s


n


⎡ ⎤− ⎢ ⎥⎣ ⎦=
−


∑ ∑
 


 
 
Example 
Find the sample variance and standard deviation for the amount of European auto 
sales for a sample of 6 years shown. The data are in millions of dollars. 
 11.2, 11.9, 12.0, 12.8, 13.4, 14.3  
 
Solution 
Step1: Find the sum of the values. 
  11.2  11.9 12.0  12.8  13.4  14.3 75.6X = + + + + + =∑
Step2: Square each value and find the sum  


2 2 2 2 2 2 211.2  11.9 12.0  12.8  13.4  14.3 958.94X = + + + + + =∑  
 Step3: Substitute in the formula and solve 


 
( ) ( )


22 2
2


958.94 75.6 6
1.28


1 5


X X n
s


n


⎡ ⎤− ⎡ ⎤−⎢ ⎥⎣ ⎦ ⎣ ⎦= =
−


∑ ∑
=  


The variance of the sample is 1.28 and hence the sample standard deviation is 1.13 
 
3.5 Variance and Standard Deviation for Grouped Data 
The procedure for finding the variance and standard deviation for grouped data is 
similar to that for finding the mean for grouped data, and it uses the midpoints of each 
class.  
Example 
Find the variance and the standard deviation for the frequency distribution of the data 
representing the number of miles that 20 runners ran during one week.  
 


Class Frequency Midpoints
5.5-10.5 1 8 
10.5-15.5 2 13 
15.5-20.5 3 18 
20.5-25.5 5 23 
25.5-30.5 4 28 
30.5-35.5 3 33 
35.5-40.5 2 38 


 
 
 
Solution 
Step 1: Make a table as shown, and find the midpoint of each class. 
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A 
Class 


B 
Frequency ( )f


C 
Midpoints


( )mX  


D 
mf x⋅


E 
2
mf X⋅  


5.5-10.5 1 8   
10.5-15.5 2 13   
15.5-20.5 3 18   
20.5-25.5 5 23   
25.5-30.5 4 28   
30.5-35.5 3 33   
35.5-40.5 2 38   


 
Step 2: Multiply the frequency by the midpoint for each class, and place the products 


in column D.  
   1 8 8, 2 13 26,..., 2 38 76⋅ = ⋅ = ⋅ =
Step 3: Multiply the frequency by the square of the midpoint, and place the products 


in column E.  
   2 2 21 8 64, 2 13 338,..., 2 38 2888⋅ = ⋅ = ⋅ =
Step 4: Find the sums of columns B, D, and E. The sum of column B is n, the sum of 


column D is mf X⋅∑ and the sum of column E is 2
mf X⋅∑  


A 
Class 


B 
Frequency ( )f


C 
Midpoints


( )mX  


D 
mf x⋅


E 
2
mf X⋅  


5.5-10.5 1 8 8 64 
10.5-15.5 2 13 26 338 
15.5-20.5 3 18 54 972 
20.5-25.5 5 23 115 2645 
25.5-30.5 4 28 112 3136 
30.5-35.5 3 33 99 3267 
35.5-40.5 2 38 76 2888 


   490 13310 
Step 5: Substitute in the formula and solve for  to get the variance 2s


  


( )


( )


22


2


2


1
13310 490 20


20 1
68.7


m mf X f X
s


n


⎡ ⎤⋅ − ⋅⎢ ⎥⎣ ⎦=
−


⎡ ⎤− ⎣ ⎦=
−


n


=


∑ ∑


 


Step 6: Take the square root to get the standard deviation 
  68.7 8.3s = =  
 Procedure for Finding the Sample Variance and Standard Deviation of 


Grouped Data 
Step 1: Make a table as shown and find the midpoint of each class 


A 
Class 


B 
Frequency ( )f


C 
Midpoints


D 
mf x⋅


E 
2
mf X⋅  
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( )mX  
Step 2: Multiply the frequency by the midpoint for each class and place the 
products in column D. 
Step 3: Multiply the frequency by the square of the midpoint and place the 
products in column E. 
Step 4: Find the sum of column B, D, and E.  
Step 5: Substitute in the formula and solve to get the variance 


( )22


2 m m


1


f X f X n⎡ ⎤⋅ − ⋅⎢ ⎥⎣ ⎦∑ ∑
s


n
=


−
  


Step 6: Take the square root to get the standard deviation.  
3.6 Coefficient of Variation 
 A statistic that allows one to compare standard deviations when the units are 
different (to compare the standard deviations of two different variables), is called the 
coefficient of variation.  


 
The coefficient of variation is the standard deviation divided by the mean. 
The result is expressed as a percentage.  
 


For Samples For Populations 


CVar 100%s
X


= ⋅ CVar 100%σ
μ


= ⋅  


 
Example 
The mean of the number of sales of cars over a 3-month period is 87, and the standard 
deviation is 5. The mean of the commissions is $5225, and the standard deviation is 
$773. Compare the variations of the two.  
 
Solution 
The coefficients of variation are 


 5CVar 100% 5.7%
87


s
X


= = ⋅ = sales 


 773CVar 100% 14.8%
5225


= ⋅ = commissions 


Since the coefficient of variation is larger for commission, the commissions are more 
variable than the sales.  
 
Example 
The mean for the number of pages of women’s fitness magazines is 132, with a 
variance of 23; the mean for the number of advertisements of a sample of women’s 
fitness magazines is 182, with a variance of 62. Compare the variances. 
(answer: 3.6% pages, 4.3% advertisments)   
 
3.7 Chebyshev’s theorem 
Chebyshev’s theorem, developed by the Russian mathematician Chebyshev (1821-
1894), specifies the proportions of the spread in terms of the standard deviation.  
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The proportion of values from a data set that will fall within k standard 
deviations of the mean will be at least 21 1 k− , where k is a number greater 
than 1 (k is not necessarily an integer).  
 


This theorem states that at least three-fourths, or 75%, of the data values will fall 
within 2 standard deviations of the mean of the data set. This result is found by 
substituting k = 2 in the expression.   


  2 2


1 1 1 31 1 1 75%
2 4 4k


− = − = − = =  


Furthermore, the theorem states that at least eight-ninths, or 88.89%, of the data 
values will fall within 3 standard deviations of the mean.  
 
This theorem can be applied to any distribution regardless of its shape. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 
The mean price of houses in a certain neighborhood is $50,000, and the standard 
deviation is $10, 000. Find the price range for which at least 75% of the houses will 
sell.  
Solution 


Chebyshev’s theorem states that three-fourths, or 75%, of the data values will 
fall within 2 standard deviations of the mean. Thus,  
  ( )$50,000 2 $10,000 $70,000+ =
and  
  ( )$50,000 2 $10,000 $30,000− =
Hence, at least 75% of all homes sold in the area will have a price range from 
$30,000 to $70,000. 
 


Chebyshev’s theorem can be used to find the minimum percentage of data values that 
will fall between any two given values. The procedure is shown in example below. 
 
Example 
A survey of local companies found that the mean amount of travel allowance for 
executives was $0.25 per mile. The standard deviation was $ 0.02. Using Chebyshev’s 


3X s− 3X s+2X s− 2X s−X


At least
88.89%


At least
75%
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theorems find the minimum percentage of the data values that will fall between $0.20 
and $0.30.  
 
Solution 
Step 1: Subtract the mean from the larger value.  
  $0.30  $0.25 $0.05− =
Step 2: Divide the difference by the standard deviation to get k. 


  0.05 2.5
0.02


k = =  


Step 3: Use Chebyshev’s theorem to find the percentage 


  2 2


1 1 11 1 1 1 0.16 0.84 or 84%
2.5 6.25k


− = − = − = − =  


 Hence, at least 84% of the data values will fall between $0.20 and $0.30. 
 
3.8 The Empirical (Normal) Rule 
Chebyshev’s theorem applies to any distribution regardless of its shape. However, 
when a distribution is bell-shaped (or what is called normal), the following 
statements, which make up the empirical rule, are true. 
  


Approximately 68% of the data values will fall within 1 standard deviation of 
the mean. 
 
Approximately 95% of the data values will fall within 2 standard deviation of 
the mean. 
 
Approximately 99.7% of the data values will fall within 3 standard deviation 
of the mean. 
 


For example, suppose that the scores on a national achievement exam have a mean of 
480 and a standard deviation of 90. If these scores are normally distributed, then 
approximately 68% will fall between 390 and 570 (480+90=570 and 480 – 90 =390). 
Approximately 95% of the scores will fall between 300 and 660   
( 480 ). Approximately 99.7% will fall between 
210 and 750 ( 


2 90 660 and 480 2 90 300+ ⋅ = − ⋅ =
480 3 90 750 and 480 3 90 210+ ⋅ = − ⋅ = ).  


 
 


 
  


99.7%


95%
 


68% 
 
 
 
 
 
 
 
 
 
 3X s− 2X s− X1X s− 1X s+ 2X s+ 3X s+
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4 Measures of Position 
In addition to measures of central tendency and measures of variation, there are 
measures of position or location. These measures include standard scores, percentiles, 
deciles, and quartiles. They are used to locate the relative position of a data value in 
the data set. For example, if a value is located at the 80th percentile, it means that 80% 
of the values fall below it in the distribution and 20% of the values fall above it. The 
median is the value that corresponds to the 50th percentile, since one-half of the values 
fall below it and one-half of the values fall above it.  
 
4.1 Standard Scores 
  
 A z score or standard score for a value is obtained by subtracting the mean  


from the value and dividing the result by the standard deviation. The symbol 
for a standard score is z. The formula is  


 value  mean
standard deviation


z −
=  


For samples, the formula is  


 X Xz
s
−


=  


For populations, the formula is 


  Xz μ
σ
−


=           


The z score represents the number of standard deviations that a data value 
falls above or below the mean.  


 
Example 
A student scored 65 on a calculus test that had a mean of 50 and a standard deviation 
of 10; she scored 30 on a history test with a mean of 25 and a standard deviation of 5. 
Compare her relative position on the two tests.  
 
Solution: 
 For calculus, the z score is 


  65 50 1.5
10


X Xz
s
− −


= = =  


 For history the z score is  


  30 25 1.0
5


X Xz
s
− −


= = =  


Since the z score for calculus is larger, her relative position in the calculus 
class is higher than her relative position in the history class. 


 
Note that if the z score is positive, the score is above the mean. If the z score is 0, the 
score is the same as the mean. And if the z score is negative, the score is below the 
mean. 
 
Example 
Find the z score for each test and state which is higher. 
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  Data description 


5sTest A   38X = 40X = =  
Test B 94X = 100X = 10s =  


Solution 
 For test A,  


  38 40 0.4
5


X Xz
s
− −


= = = −  


 For test B,  


  94 100 0.6
10


z −
= = −  


 The score for test A is relatively higher than the score for test B. 
 
When all data for a variable are transformed into z scores, the resulting distribution 
will have a mean of 0 and a standard deviation of 1. A z score, then, is actually the 
number of standard deviations each value is from the mean for a specific distribution. 
 
4.2 Percentiles 
Percentiles are position measures used in educational and health-related fields to 
indicate the position of an individual in a group. 
 
 Percentiles divide the data set into 100 equal groups. 
 
Percentiles are not the same as percentages. That is, if a student gets 72 correct 
answers out of a possible 100, she obtains a percentage score of 72. There is no 
indication of her position with respect to the rest of the class. She could have scored 
the highest, the lowest, or somewhere in between. On the other hand, if a raw score of 
72 corresponds to the 64th percentile, then she did better than 64% of the students in 
her class.  
 
Percentiles are symbolized by  1 2 3 99, , , ,P P P P…
and divide the distribution into 100 groups. 
 
 
 


Smallest 
data 
value 1P 2P 3P


Smallest 
data 
value 97P 98P 99P


1% 1% 1% 1% 1% 1% 
 
There are several mathematical methods for computing percentiles for data. These 
methods can be used to find approximate percentile rank of a data value or to find a 
data value corresponding to a given percentile.  
 Percentile formula 


The percentile corresponding to a given value X is computed by using the 
following formula 


 ( )#of values below 0.5
Percentile 100%


total #of value
X +


= ⋅  


 
Example 
A teacher gives a 20-point test to 10 students. The scores are shown here. Find the 
percentile rank of a score of 12.  
 18, 15, 12, 6, 8, 2, 3, 5, 20, 10 
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  Data description 


Solution 
 Arrange the data in order from lowest to highest 
  2, 3, 5, 6, 8, 10, 12, 15, 18, 20 
 Then substitute into the formula 


( )  
#of values below 0.5


ercentile 100%
total #of value


X +
= ⋅P  


 Since there are six values below a score of 12, the solution is  


  6 0.5Percentile 100% 65th percentile
10
+


= ⋅ =  


 Thus, a student whose score was 12 did better than 65% of the class.  
 
 Finding a Data Value Corresponding to a Given Percentile 
 Step1: Arrange the data in order from lowest to highest 
 Step2: Substitute into the formula 


   
100
n pc ⋅


=  


  where n is total number of values, p is the percentile 
Step3A:If c is not a whole number, round up to the next whole number. 


Starting at the lowest value, count over to the number that corresponds 
to the rounded-up value.  


Step3B: If c is a whole number, use the value halfway between the cth and 
values when counting up from the lowest value.  ( )1 thc +


 
Example 
Using the scores in the above example, find the value corresponding to the 25th 
percentile. 
 
Solution 
Step1: Arrange the data in order from lowest to highest 
  2, 3, 5, 6, 8, 10, 12, 15, 18, 20 
Step2: Compute  


  
100
⋅


=
n pc  


 where n is total number of values, p is the percentile 
 Thus,  


  10 25 2.5
100


c ⋅
= =  


 We round it up to get . Start at the lowest values and count over to the 
third value, which is 5. Hence, the value 5 corresponds to the 25th percentile.  


3c =


 
Example 
Using the data set in the above example, find the value that corresponds to the 60th 
percentile. 
 
Solution 
Step1: Arrange the data in order from smallest to largest 
  2, 3, 5, 6, 8, 10, 12, 15, 18, 20 
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  Data description 


Step2: Substitute in the formula 
10 60


=  6
100 100
n p⋅ ⋅


= =c  


 
Step3: Since is a whole number, we use the value halfway between the 6th and 
7th values when counting up form the lowest value 


6c =


  2, 3, 5, 6, 8, 10, 12, 15, 18, 20 
 


6 valueth 7 valueth  
The value halfway between 10 and 12 is 11.  
 
Hence, 11 corresponds to the 60th percentile. Anyone scoring 11 would have done 
better than 60% of the class. 
 
4.3 Quartiles and Deciles 
 
Quartiles divide the distribution into 4 groups, separated by .  1 2 3, ,Q Q Q
Note that is the same as 25th percentile; is the same as 50th percentile or the 
median; corresponds to the 75th percentile.  


1Q


3Q
2Q


 
 
 


Smallest 
data value 


 
 
Quartiles can be computed using the formula for computing percentiles. For use


. For  use . For use 
1Q


25P = 2Q 50P = 3Q 75P = .  
 
However, an easier method for finding quartiles is found in the procedure as follows: 
 


Step1  Arrange the data in order from lowest to highest.  
Step2  Find the median of the data value. This is the value for .  2Q
Step3 Find the median of the data values that fall below . This is the value 


for .  
2Q


1Q
Step4 Find the median of the data values that fall above . This is the value for


.  
2Q


3Q
Example 
Find Q Q for the data set 15, 13, 6, 5, 12, 50, 22, 18 1 2, ,  and Q3


 
Solution: 
 Step1 Arrange the data in order: 
  5, 6, 12, 13, 15, 18, 22, 50 
 Step2 Find the median Q  2


  5, 6, 12, 13, 15, 18, 22, 50 


Largest 
data value 1Q 2Q 3Q


25% 25% 25% 25%
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  Data description 


13 15 14
2


MD +
= =    


 Step3 Find the median of the data values less than 14 
   5, 6, 12, 13  
  


   1
6 12 9


2
Q +


= =  


 Step4 Find the median of the data values greater than 14 
   15, 18, 22, 50 
 


   3
18 22 20


2
Q +


= =  


Hence, .  1 2 39, 14,and 20Q Q Q= = =
 
In addition to dividing the data set into four groups, quartiles can bee used as a rough 
measurement of variability.  
 
The interquartile range (IQR) is defined as the difference between and and it 
is the range of the middle 50% of the data.  


1Q 3Q


 
Deciles divide the distribution into 10 groups. They are denoted by etc. 1 2 3, , ,D D D
 


Smallest 
data value  


 


Largest 
data value 1D 2D 3D 4D 5D 6D 7D 8D 9D


10% 10% 10% 10% 10% 10% 10% 10% 10% 10% 
 
Note that corresponds to ; corresponds to ; etc. Deciles can be found by 
using the formulas given for percentiles.  


1D 10P 2D 20P


 
These are the relationships among percentiles, deciles and quartiles.  
 Deciles are denoted by and they correspond to .  1 2 9, ,...,D D D 10 20 90, ,...,P P P
 Quartiles are denoted by and they correspond to  1 2 3, ,Q Q Q 25 50 75, ,P P P
 The median is the same as or or .  50P 2Q 5D
 
4.4 Outliers 
A data set should be checked for extremely high or extremely low values. These 
values are called outliers. 
An outlier is an extremely high or an extremely low data value when compared with 
the rest of the data values. An outlier can strongly affect the mean and standard 
deviation of a variable.  
 
There are several ways to check a data set for outliers. One of which is shown as 
follows: 
 Step1 Arrange the data in order and find and  1Q 3Q
 Step2 Find the inter-quartile range 3 1IQR Q Q= −  
 Step3  Multiply the IQR by 1.5. 
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  Data description 


 Step4 Substitute the value obtained in step3 from and add the value to  1Q 3Q
Step5 Check the data set for any data value which is smaller than 


arger than( )1 1.5Q IQ−  R or l ( )3 1.5Q IQ+ R .  
Example: Check the following data set for outliers. 
  5, 6, 12, 13, 15, 18, 22, 50 
Solution: 
 Find Q andQ . Q Q  1 3 1 39, 20= =
 Find inter-quartile range IQR Q3 1 20 9 11Q= − = − =  
 Multiply this value by 1.5 to get ( )11 16.5=1.5  
 Subtract the this value from Q and add the same value to , we obtain 1 3Q
  9  and  2016.5 7.5− = − 16.5 36.5+ =  


Check the data set for any data values that fall outside the interval from 
. The value 50 is outside this interval; hence it can be consider an 


outlier.  
7.5 to 36.5−


5 Exploratory Data Analysis 
In exploratory data analysis (EDA), data can be organized using a stem and leaf  
plot. The measure of central tendency used in EDA is the median. The measure of 
variation is the inter-quartile ( . In EDA the data are presented graphically 
using a box-plot (sometimes called a box-and-whisker plot). The purpose of 
exploratory data analysis is to examine data to find out what information can be 
discovered about the data such as the center and the spread. EDA was developed by 
John Tukey.  


)3 1Q Q−


A box plot can be used to graphically represent the data set. These plots involve five 
specific values: 
 (i). The lowest value of the data set (i.e., minimum) 
 (ii). Q  1


 (iii). The median 
 (iv). Q  3


 (v). The highest value of the data set (i.e., maximum) 
 These values are called a five-number summary of the data set. 


A box-plot is a graph of a data set obtained by drawing a horizontal line from 
the minimum data value to , a horizontal line from Q  to the maximum data 
value, and drawing a box whose vertical sides pass through and Q with a 
vertical line inside the box passing through the median or .  


1Q 3


1Q


2Q
3


Example: A stockbroker recorded the number of clients she saw each day over an 11-
day period the data are shown below. Construct a box plot for the data.  
  33, 38, 43, 30, 29, 40, 51, 27, 42, 23, 31 
Solution: 
Step1 Arrange the data in order 
  23, 27, 29, 30, 31, 33, 38, 40, 42, 43, 51 
Step2 Find the median 
  23, 27, 29, 30, 31, 33, 38, 40, 42, 43, 51 
 
 
  


Median
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  Data description 
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Step3 Find  1Q
23 51


29 4233
  23, 27, 29, 30, 31 
Step4 Find  3Q
  38, 40, 42, 43, 51 
 
Step5 Draw a scale for the data on the x-axis.  
Step6 Locate the lowest value, , median, , and the highest value on the scale. 1Q 3Q
Step7 Draw a box around and , draw a vertical line through the median, and 


connect the upper and lower values. 
1Q 3Q
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Lecture Note  Counting Rules and Probability 


Chapter 4 


 
Counting Rules and Probability  


 
1 Counting Rules 


Many times one wishes to know the number of all possible outcomes for a 
sequence of events. To determine this number, three rules can be used: the 
fundamental counting rule, the permutation rule, and the combination rule.  


 
1.1 Fundamental Counting Rule 
 Suppose k events are to be performed in such a way that each 
event is independent of the others. If event E1 can be performed in ways, event 


E2 in ways, and so on, then the total number of ways of performing all k events 
is given by the product  


1 2, , , kE E E…
( )1n E


( )2n E


( ) ( ) ( )1 2 kN n E n E n E=  
Example 1 


A coin is tossed and a die is rolled. Find the number of outcomes for the 
sequence of events. 
 
Solution: 


Since the coin can land either heads up or tails up and since the die can land 
with any one of six numbers showing face up, there are 2 6 12⋅ = . 
 
Example 2 


A paint manufacturer wishes to manufacture several different paints. The 
categories include 
  


Color Red, blue, white, black, green, brown, yellow 
Type Latex, oil 
Texture Flat, semigloss, high loss 
Use outdoor, indoor 


 
How many different kinds of paint can be made if a person can select one color, one 
type, one texture, and one use? 
 
Solution: 


Color Type Texture Use  
7  2 3 2 84 × =× ×


 
 
Example 3 


There are four blood types, A, B, AB, and O. Blood can also be Rh+ and Rh-. 
Finally, a blood donor can be classified as either male or female. How many different 
ways can a donor have his or her blood labeled?  
 
Solution: 
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Since there are 4 possibilities for blood type, 2 possibilities for Rh factor, and 2 
possibilities for the gender of the donor, there are 4 2 2⋅ ⋅


4


or 16, different classification 
categories, as shown. 
  


Blood 
type Rh Gender 


 


 2 2 16 =× ×
 
Example 4 


The digits 0, 1, 2, 3, and 4 are to be used in 4 digits ID card. How many 
different cards are possible if repetitions are permitted? 
 
Solution: 
Since there are 4 spaces to fill and 5 choices for each space, the solution is  
  45 5 5 5 5 625⋅ ⋅ ⋅ = =
Remark From this example, if repetitions are not permitted, the first digit can be 


chosen in five different ways, the second in 4 different ways, etc. Thus the 
solution is  5 .  4 3 2 120⋅ ⋅ ⋅ =


Example 5 
 A ‘word’ is an ordered list of letters.  


a. How many 2-letter words can be made using the letters of the alphabet? 
b. How many 3-letter words can be made in which the second letter is a is 


wowel? 
Solution 
 Let { }| is a letter of the alphabetA x x= . Then the number of elements in A  is 


( ) 26n A = .  
a. A 2-letter word can be thought of as the sequence of events AA. Thus, the 


number of possible 2-letter words is ( ) ( ) 226n A =n A .  


b. If { }a, e, i, o, uB = be the set of vowels, then ( ) 5n B = . The 3-letter words 
in which the second letter is a vowel correspond to the sequence of events 
A B A. The number of such words in ( ) ( ) ( )B n A 26 5 26 3380n A n = × × = . 


 
Two other rules that can be use to determine the total number of possibilities of a 
sequence of events is the permutation rule and the combination rule. These rules use 
factorial notation.  
1.2 Permutations 


A permutation is an arrangement of objects in a specific order.  
 Permutation Rule 
 The permutation of n objects taken k at a time is an ordered arrangement of k 


of the n objects selected without repetition. The total number of these 
arrangements is denoted by ( ),P n k . The formula is 


( ) ( ) ( ) ( )
!, 1 1


!
nP n k n n n k


n k
= − − + =


−
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Example 7 
Compute ( )6,4P , ( )5,5P  


Solution 


( ) ( )
6! 6 5 4 3 2 16,4 6 5 4 3 360


6 4 ! 2 1
P ⋅ ⋅ ⋅ ⋅ ⋅


= = = ⋅ ⋅ ⋅ =
− ⋅


 


 ( ) ( )
5! 5! 5 4 3 2 15,5 120


5 5 ! 0! 1
P ⋅ ⋅ ⋅ ⋅


= = = =
−


 


 
Example 8 


A television news director wishes to use three news stories on an evening 
show. One story will be the lead story, one will be the second story, and the last will 
be a closing story. If the director has a total of eight stories to choose from, how many 
possible ways can the program be set up?  
Solution 


 ( ) ( )
8! 8!8,3 336


8 3 ! 5!
P = = =


−
ways 


Example 9 
How many different ways can a chairperson and an assistant chairperson be 


selected for a research project if there are seven scientist available? 
Solution: 


 ( ) ( )
7! 7!7,2 42


7 2 ! 5!
P = = =


−
 


Permutation with Repetition 
 When the object can be selected repeatedly, the total number of permutations 
is determined by  


( )
k terms


, = ⋅ ⋅ ⋅ = kP n k n n n n  


 
Example 10 
 How many 5-digit numbers can be made with the digits 1 through 8 if: 


a. No digit is repeated? b. Repeated digits are allowed? 
Solution 


 a. ( ) ( )
8!8,5 6720


8 5 !
P = =


−
 


 b.  
58 32768=


Example 11 
 From a set consisting of 10 digits, 26 lower-case and 26 capital letters, one can 
create  different 8-character passwords. ( ) 136,325,893,3362 4 0,8 ,40=P
 
1.3Combinations 
 A combination of n objects taken k at a time is a subset of k objects selected 
without regard to order from a collection of n objects. The total number of such 


combination is denoted by ( ),C n k , , or and read as n choose k. n kC
n
k
⎛ ⎞
⎜ ⎟
⎝ ⎠
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( )
!


! !
=


−n k
nC


k n k
 


  
Example 11 


How many combinations of 4 objects are there, taken 2 at a time? 
 
Solution 


 ( ) ( )
4! 4!4,2 6


4 2 !2! 2!2!
C = =


−
=  


 
Example 12 


A bicycle shop owner has 12 mountain bicycles in the showroom. The owner 
wishes to select 5 of them to display at a bicycle show. How many different ways can 
a group of 5 be selected?  
Solution 


 ( ) ( )
12! 12!12,5 792


12 5 !5! 7!5!
C = = =


−
 


Example 13 
In a club there are 7 women and 5 men, A committee of 3 women and 2 men 


is to be chosen. How many different possibilities are there? 
 
Solution 


 ( ) ( ) ( ) ( )
7! 3!7,3 3,2 350


7 3 !3! 3 2 !2!
C C× = × =


− −
 


Example 14 
 An interior decorator has 8 shades of paint from which to choose 2 shades, 5 
rugs from which to choose 3, and 7 light fixtures from which to choose 4. How many 
different combinations are there altogether? 
Solution 
 There are ( ) ( ) ( )8,2 5,3 7,4 9800C C C× × =  combinations together. 
Example 14 
 An antivirus software reports that 3 folders out of 10 are infected. How many 
possibilities are there? 
Solution 


( )
10 10! 120
3 3! 10 3 !


⎛ ⎞
= =⎜ ⎟ −⎝ ⎠


 


 
2 Basic Concept of Probability 
2.1 Experiment, Outcomes, Events and Sample Space 
 An experiment, also called a random experiment, is a activity in which the 
result cannot be predicted with certainty, and each repetition of an experiment is 
called a trial.  
 An outcome is a result of an experiment. An event is any collection of 
outcomes. A simple event is an event with only one possible outcome. A compound 
event consists of two or more outcomes or simple events. The sample space for a 
given experiment is a set S that contains all possible outcomes of the experiment. 
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When a coin is tossed, there are two possible outcomes: head (H) or tail (T). In 
the roll of a single die, there are six possible outcomes: 1, 2, 3, 4, 5, or 6. In any 
experiment, the set of all possible outcomes is called the sample space. 
Some sample spaces for various probability experiments are shown here: 


Experiment Sample Space 
Toss one coin H, T 
Roll a die 1, 2, 3, 4, 5, 6 
Answer a True/false question True, False 
Toss two coins HH, TT, HT, TH 


Example 1 
Find the sample space for rolling two dice. 


 
Solution 


Each die can land in six different ways, and two dice, and two dice are rolled 
then the sample space is the list of pairs of numbers below 


 
 
 


1 2 3 4 5 6 


1 (1, 1) (1, 2) (1, 3)  (1, 4) (1, 5) (1, 6) 
2 (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 
3 (3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6) 
4 (4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6) 
5 (5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6) 
6 (6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6,6) 


Die 1
Die 2


 
Example 2 


Find the sample space for the gender of the children if a family has three 
children. Use B for boy and G for girl 
Solution 
 The possibilities are  
 BBB, BBG, BGB, GBB, GGG, GGB, GBG, BGG 
 
For this example, there is another way to find all possible outcomes of a probability 
experiment. It is a tree diagram.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.2 Probability 


B


G


B
B


B


B
B


B


G


G
G


G


G
G


B B B


B B G


B G B


B G G
G B B


G B G


G G B


G G B


1st C hild


2nd C hild
3rd C hild ou tcom es
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 Probability measures the likelihood of the occurrence of an event. The 
probability of an event can be thought of as the relative frequency of the event; that 
is, the fraction of the time that the event can be expected to occur if the experiment is 
repeated over and over many times. Probabilities are number between 0 and 1. An 
event with probability 0 has no chance of occurring, and an event with probability 1 
is certain to occur. In particular, the sample space has probability 1.  
 For experiments such as tossing coins, rolling dice, and random sampling, in 
which the outcomes are equally likely to occur, there is a simple formula for obtaining 
probability, which we call the basic probability (also classical probability) formula. 
 In an experiment for which the sample space is S and the outcomes are equally 
likely, the probability of an event E occurring is given by the formula 


( ) ( )
( )


=
n E


P E
n S


 


 In particular, . ( ) 1P S =
Example 3 


For a card drawn from an ordinary deck, find the probability of getting a queen. 
Solution 
 Since there are 52 cards in a desk and there are 4 queens, then 


  ( ) 4 1queen
52 13


P = =  


Example 4 
If a family has three children, find the probability that all the children are girls. 


Solution 
The sample space for the gender of children for a family that has three 


children is BBB, BBG, BGB, GBB, GGG, GGB, GBG, and BGG. Since there is one 
way in eight possibilities for all three to be girls,  


 ( ) 1GGG
8


P =  


Example 5 
A card is drawn from an ordinary deck. Find these probabilities 


  a. Of getting a jack 
  b. Of getting the 6 of clubs 
  c. Of getting a 3 or a diamond. 
Solution 


 a. ( ) 4 1jack
52 13


P = =  


 b. ( ) 16 of clubs
52


P =  


c. There are four 3s and 13 diamonds, but the 3 of diamonds is counted twice 
in the listing. Hence, there are 16 possibilities of drawing a 3 or a diamond, so 


 ( ) 16 43 or diamond
52 13


P = =  


Example 6 
In a soft drink survey, the researcher asked 25 people if they like the taste of 


the new soft drink. The responses were classified as “yes,” “no,” or “undecided.”  
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Response Frequency 
Yes 15  
No 8  
Undecided 2  


Total 25  
Find the probability that a person responded no. 
 
Solution 


( ) 
8
25


fP E
n


= =  


 
Example 7 


In a sample of 50 people, 21 had type O blood, 22 had type A blood, 5 had 
type B blood, and 2 had type AB blood. Set up a frequency distribution and find the 
following probabilities: 
 a. A person has type O blood 
 b. A person has type A or type B blood 
 c. A person has neither type A nor type O blood 
 
 


Type Frequency 
A 
B 
AB 
O 


22  
5  
2  


21  
Total 50  


 


 a. ( ) 21O
50


fP
n


= =  


 b. ( ) 22 5 27A or B
50 50 50


P = + = (Add the frequencies of the two classes) 


 c. ( ) 5 2 7neither A nor O
50 50 50


P = + =  


(Neither A nor O means that a person has either type B or type AB blood) 
 
3 Laws of Probability 
 Two events A and B are said to be mutually exclusive if they have no 
outcomes in common; that is A B∩ cannot occur.  
 The Probability of a Union 
 If 1 2 kA A A A= ∪ ∪ ∪… where 1 2, , , kA A … A are mutually exclusive events, then  


( ) ( ) ( ) ( )1 2 kP A P A P A P A= + + +  


 In particular, is A=S, ( ) ( ) ( )1 2 1kP A P A P A+ + + =  
 If A and B are any two events, then  


( ) ( ) ( ) ( )P A B P A P B P A B∪ = + − ∩  
 More generally, if A1, A2, and A3 are any three events, then 
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( ) ( ) ( ) ( ) ( ) ( ) (
( )


1 2 3 1 2 3 1 2 2 3 1 3


1 2 3


P A A A P A P A P A P A A P A A P A A


P A A A


∪ ∪ = + + − ∩ − ∩ − ∩


+ ∩ ∩


)
 


Example 1 
Determine which events are mutually exclusive and which are not when a 


single die is rolled.  
a. Getting an odd number and getting an even number 
b. Getting a 3 and getting an odd number 
c. Getting an odd number and getting a number less than 4 
d. getting a number greater than 4 and getting a number less than 4 


Solution 
a. and d. are mutually exclusive. b. and d. are not.  


Example 2 
A day of a week is selected at random. Find the probability that it is weekend day.  


Solution 


 ( ) ( ) ( ) 1 1 2Saturday or Sunday Saturday Sunday
7 7 7


P P P= + = + =  


 
Example 3 


A single card is draw from a deck. Find the probability that it is a king or a club. 
Solution 


 
( ) ( ) ( ) ( )king or club king club king of clubs


4 13 1 4
52 52 52 13


P P P P= + −


= + − =
 


Example 4 
In a hospital unit there are 8 nurses and 5 physicians; 7 nurses and 3 physicians are 


females. If a staff person is selected, find the probability that the subject is a nurse or 
a male. 
Solution 
 The sample space is shown here 
 


Staff Females Males Total 
Nurses  7  1  8 
Physicians  3  2  5 


Total 10  3  13 
The probability is  


 
( ) ( ) ( ) ( )nurse or male nurse male male nurse


8 3 1 10
13 13 13 13


P P P P= + −


= + − =
 


 The Probability of a Complement 
 For any event A, ( ) ( )1 cP A P A= −  
Example 5 
 If 5 cards are dealt at random from a standard deck of 52 cards, what is the 
probability that at least one is an ace? 
Solution 
 Let A be the event of having no ace, then the probability we seek is .  ( )cP A


Number of way of drawing a hand having no ace is ( )48,5C , hence  
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( ) ( )
( )
48,5


0.659
52,5


C
P A


C
= =  


and probability that there is at least one ace is  
( ) ( )1 1 0.659 0.341cP A P A= − = − =  


Example 6 
 Suppose you buy 10 tickets to a lottery in which there are to be 5 prizes 
awarded on the basis of random drawing. Suppose that there are a total of 150 tickets 
sold. What are the chances of winning? 


a.No prices? b. At least one prize? c. Exactly 3 prizes? d. All 5 prizes? 
Solution 


 a. ( ) ( )
( )
140,5


No prizes 0.705
150,5


C
P


C
= =  


 b. ( ) ( )at least 1 prize 1 No prize 1 0.705 0.295P P= − = − =  


 C. ( ) ( ) ( )
( )


10,3 140,2
exactly 3 prizes 0.002


150,5
C C


P
C


×
= =  


 d. ( ) ( )
( )


710,5
all 5 prizes 4 10


150,5
C


P
C


−= = ×  


4 Conditional Probability and Bayes’Rule 
 Sometimes the occurrence of one event affects the probability of another 
event, and the probability whose calculation is based on the assumption that a 
particular event occurs is called a conditional probability.  
 The Conditional Probability Formula 
 For any events A and B, with ( ) 0P B ≠ , 


( ) ( )
( )


|
P A B


P A B
P B
∩


=  


 whence, we can obtain the formula 
( ) ( ) ( )|P A B P A B P B∩ = ×  


 which is known as product rule.  
 Independent Events 
 If ; that is, the probability of B occurring is not affected by 
the occurrence or non-occurrence of A, then we say that A and B are independent 
events. This is equivalent to  


( ) (|P B A P B= )


( ) ( ) ( )P A B P A P B∩ = ×  
Example 7 
 A box contains 3 green and 2 yellow marbles. Two marbles are selected. Find 
the probability that both selected marbles are green in the case of: a. No replacement ( 
the first marble is not replaced before the second is chosen.) b. Replacement ( the first 
marble is replaced before the second is chosen.) 
Solution 
 A={the first marble is green}  B={the second marble is green} 


a. ( ) ( ) ( ) 3 2 3|
5 4 10


P A B P A P B A∩ = × = × =  
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b. ( ) ( ) ( ) 3 3 9
5 5 25


P A B P A P B∩ = × = × =  


Example 8 
 In a certain state, 55% vote for Spiff for governor. Three votes are selected at 
random. a. Find the probability that all 3 will vote for Spiff. b. Find the probability 
that exactly 2 will vote for Spiff. 
Solution 
 Let S denote the event that a selected voter will vote for Spiff and let N denote 
the event that the voter does not vote for Spiff. On any selection, ( ) 0.55P S = , and 


.  ( ) 0.45P N =


a. ( ) ( ) ( ) ( ) ( ) 30.55 0.166P SSS P S S P S P S P S= ∩ ∩ = × × = =  
b. We have three ways: S S N, S N S, or N S S. Since 


( ) ( ) ( ) ( ) ( ) ( ) 20.55 0.45P S S N P S N S P N S S P S P S P N= = = × × = ×  
Hence, 
( ) ( ) ( ) ( ) 2exactly 2... 3 0.55 0.45 0.408P P SSN P SNS P NSS= + + = × × =  


Example 9 
A box contains black chips and white chips. A person selects two chips 


without replacement. If the probability of selecting a black chip and a white chip is 15
56


and the probability of selecting a black chip on the first draw is , 3
8 , find the 


probability of selecting white chip on the second draw, given that the first chip 
selected was a black chip.  
Solution: 
Let B be the event of selecting a b
Then 


lack chip, and W the event of selecting white chip 


 ( ) ( )
( )


15
56
3
8


 and 5|
7


P B W
P W B


P B
= = =  


 
Example 10 


A recent survey asked 100 people if they thought women in the armed forces 
itted to participate in combat. The results of the survey are shown.  should be perm


  
Gender Yes No Total 
Male 32 18 50 
Female 8 42 50 
Total 40 60 100 


 
Find these probabilities 


a. The respondent answered yes, given that the respondent was a female
b. The respondent was a male, given that the respondent answered no.  


 


Solution 
Let M: respondent was a male Y: respondent answered yes 
 F: respondent was a female N: respondent answered no 
 


a. The problem is to find ( )|P Y F . The rule state 
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( ) ( )
( )


8
100
50


100


 and 4|
25


P F Y
P Y F


P F
= = =  


b. The problem is to find ( ) ( )
( )


18
100
60


100


 and 3|
10


P N M
P M N


P N
= = =  


Example 11 
 A survey of attitudes about one’s job yields the data tin the following table 


 Happy Unhappy Total 
Bus drivers 50 75 125 
Lawyers 40 35 75 
Total 90 110 200 


A person from this group is selected at random. Given that the selected person is a bus 
driver, find the probability that he or she is happy. (Answer: 0.4) 
 
 Bayes’ Rule1 


Let 1 2, , , nA A … A be mutually exclusive events whose union is the sample space 
S, and let E be an event with ( ) 0P E ≠ . Then 


( ) ( ) ( )
( ) ( ) ( ) ( )1 1


|
|


| |
j j


j
n n


P A P E A
P A E


P A P E A P A P E A
×


=
× + + ×


 


Example 12 
 Machine M1 produces 30% of the day’s production of a certain product, while 
machine M2 and M3 produce 25% and 45%, respectively. Suppose machine M1, M2, 
and M3 turn out 2%, 3% and 4% defective products, respectively, each day. If an item 
is picked at random and is found to be defective, what is the probability that it came 
from machine M1? 
  


 
 


 
 
 
 
 
 
 


( )1
0.30 0.02M | Defective 0.19


0.30 0.02 0.25 0.03 0.45 0.04
P ×


= =
× + × + ×   


Example 13 
Suppose that 60% of a company’s computer chips are manufactured in one 


factory (denoted A) and 40% are produced in other factory ( A ). Suppose we now 
learn that the randomly selected chip is defective and the defect rates for the two 
factories are 35% (for A) and 25% (for A ) respectively. Given the defective chip, 
what is the probability it came from factory A? (Answer: 0.677) 
                                                 


Machine Product set


1M


2M
3M


0.30


0.25


0.45


1D


1G
2D


2G
3D


3G


0.02
0.98


0.03


0.04


1 This rule is named for an English mathematician Thomas Bayes (1702-1761) 
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Example 14 
On a game show, a contestant can select one of four boxes. Box 1 contains one 


$100 bills and nine $1 bills. Box 2 contains two $100 bills and eight $1 bills. Box 3 
contains three $100 bills and seven $1 bills. Box 4 contains five $100 bills and five $1 
bills. The contestant selects a box at random and selects a bill from the box at random. 
If a $100 bill is selected, find the probability that it came from box 4. (Answer: 0.455) 
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Chapter 5 


Random Variable and  
Probability Distribution 


 
1 Random Variable (r.v.) 


Definition 
A random variable is a function that assigns a real number to each outcome 
of an experiment. A discrete random variable is a random variable whose 
range is either finite or countable infinite. If the range of value is 
(uncountably) infinite, the random variable is called continuous random 
variable.  


Example 1 
 Consider the experiment of tossing a coin twice, and let X denote the random 
variable that measures the number of times head comes up.  


a. List all of the possible outcomes of this experiment and the value that the 
random variable X assigns to each outcome. 


b. List the outcomes that make up the event X=1. 
Solution 
 a. The possible outcomes are: HH, HT, TH, and TT. Since X assigns to each 
output the number of times heads comes up, we obtain 


Outcome HH HT TH TT 
X 2 1 1 0 
c. The event [X=1] is the set of outcomes for which [X=1]. It is the event 


{HT, TH}. 
Example 2 
 In a certain experiment, one mouse is selected at random from a collection of 
5 mice whose weights (in grams) are summarized in the following table: 


Mouse A B C D E 
Weight 65 47 59 31 47 


Let X be the weight of the selected mouse. List the outcomes that make up the 
following events: 


a. [X=65];  b. [X=47]; c. [ ] 30X ≥
Solution 


a. Only mouse A weights 65 grams, so [X=65] ={A} 
b. Mice B and E weight 47, so [X=47]={B, E} 
c. All mice  weight 30 grams or more, so [ ]={A,B,C,D,E} 30X ≥


 
2 Discrete Probability Distribution 
 A probability distribution for random variable X is the set of probabilities 
corresponding to all possible values of X such that  


(i) ( )0 1P X≤ ≤ and  


(ii)  ( ) 1P X =∑
Example 1 
 A box contains 3 red balls and 2 green balls. Two balls are selected at random, 
with replacement. Find the probability distribution of the random variable X that 
measures the number of red balls selected. 
Solution 
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 R stands for red ball and G for green one. If we choose two balls with 
replacement, the sample space is {RR, RG, GR, GG}.  


( ) 2 2 4
5 5 25


P GG = × =The probability of getting no red balls,  


The probability of getting one red balls, ( ) 2 3 2 3 12or
5 5 5 5 25


P GR RG = × + × =  


The probability of getting two red balls, ( ) 3 3 9
5 5 25


P RR = × =  


Hence, we can get a table of probability distribution 
X 0 1 2 
( )P X  4


25
 12


25
 9


25
 


This probability distribution can be represented by a graph.  
Example 2 


Represent graphically the probability distribution for the sample space for 
tossing tree coins. 


Number of heads X 0 1 2 3 
Probability ( )P X      1


8
3
8


3
8


1
8


 
Solution 
 
 ( )P X


X
0 1 2 3


 3
8


2
8


 
 
 
 1


8
 
 
 Number of heads


Pr
ob


ab
ili


ty
 


 
Example 3 


During the summer months, a rental agency keeps track of the number of 
chain saws it rents each day during a period of 90 days. The number of saws rented 
per day is represented by the variable X. The results are shown here. Compute the 
probability  for each X, and construct a probability distribution and graph for 
the data.  


( )P X


 
X Number of days 
0 45 
1 30 
2 15 


 
Solution 


The probability can be computed for each X by dividing the number of 
days that X saws were rented by total days. 


( )P X


 For 0 saws: 45
90 0.50=  
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 For 1 saws: 30
90 0.33=  


 For 2 saws:  15
90 0.17=  


The distribution is shown here. 
Number of saws rented X 0 1 2 


( )P X  0.50 0.35 0.17 Probability 
Solution 
 


( ) 
 
 
 
 
 
 
 
 
3 Mean, Variance, and Expectation 
3.1 Mean 


The mean of a random variable with a discrete probability distribution is  
 ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3 n nx P x x P x x P x x P x xP xμ = + + + + =∑  
Example 4 


Find the mean of the number of spots that appear when a die is tossed. 
Solution 


Outcome 1 2 3 4 5 6 
Probability 1


6  1
6  1


6  1
6  1


6  1
6  


 ( ) 1 1 1 1 1 1 211 2 3 4 5 6 3.5
6 6 6 6 6 6 6


xP xμ = = ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ = =∑  


Example 5 
In a family with 2 children, find the mean of the number of children who will 


be girl.  
Solution 


Number of girl X 0 1 2 
Probability ( )P X  1


4  1
2  1


4  


 Hence, the mean is ( ) 1 1 10 1 2 1
4 2 4


x P xμ = ⋅ = ⋅ + ⋅ + ⋅ =∑  


Example 6 
The probability distribution shown represents the number of trips of 5 nights 


or more that American adults take per year. (That is, 6% do not take the trip lasting 5 
nights or more, 70% take one trip lasting 5 nights or more per year, etc.) Find the 
mean. 


Number of trip X  0 1 2 3 4 
Probability  ( )P X 0.06 0.70 0.20 0.03 0.01 


Solution 


0.2


1.00


0.4


P X


X


0 1 2
Number of saws


Pr
ob


ab
ili


ty
 


 51







Lecture Note  Random Variable and Probability Distribution 


( )
0 0.06 1 0.70 2 0.20 3 0.03 4 0.01
1.23 1.2


x P xμ = ⋅


= × + × + × + × + ×
= ≈


∑
 


3.2 Variance 
To find the variance for the random variable of a probability distribution, 


subtract the theoretical mean of the random variable from each outcome and square 
the difference. Then multiply each difference by its corresponding probability and add 
the products. The formula is  


( ) (22 )x P xσ μ⎡ ⎤= − ⋅⎣ ⎦∑  


 Formula for the computation of variance of a probability distribution 
( )2 2x P x 2σ μ⎡ ⎤= ⋅ −⎣ ⎦∑  


The standard deviation of a probability distribution is  
2σ σ=  


Example 7 
Find the variance and standard deviation for the probability distribution of the 


number of spots that appear when a die is tossed. 
Solution 


From the previous example, we have 3.5μ = , then  


 ( )22 2 2 2 2 2 21 1 1 1 1 11 2 3 4 5 6 3.5 2
6 6 6 6 6 6


σ ⎛ ⎞= ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ − =⎜ ⎟
⎝ ⎠


.9  


To get the standard deviation, find the square root of the variance 
2.9 1.7σ = =  


Example 8 
Five balls numbered 0, 2, 4, 6, and 8 are placed in a bag. After the balls are 


mixed, one is selected, its number is noted, and then it is replaced. If this experiment 
is repeated many times, find the variance and standard deviation of the numbers on 
the balls. 
Solution 


The probability of getting each number is 1
5 or 0.2. 


( )x P x  ( )x P x⋅ ( )2x P x⋅  
0 0.2 0 0 
2 0.2 0.4 0.8 
4 0.2 0.8 3.2 
6 0.2 1.2 7.2 
8 0.2 1.6 12.8 


( ) 4.0x P x⋅ =∑ ∑ ( )2 24.0x P x⋅ =Hence,  2 224 4 8σ = − =
3.3 Expectation 
3.3.1 Expectation Value 


The expectation value of a discrete random variable of a probability distribution 
is the theoretical average of the variable. The formula is  
  ( ) ( )E X x P xμ = = ⋅∑  


The symbol is used for the expectation value.  ( )E X
Comment: Expected value is a ‘long-run average’ in the sense that if repeated trials 
are made of an experiment with a random variable X, the sample average of the 
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observed values of X will get closer and closer to the expected value as the 
number of repetitions gets large.  


( )E X


 
Example 9 


A bag contains three $1 bills, two $5 bills, and one $10 bill. One bill is selected at 
random. If X denotes the denomination of the selected bill, find the expected value
( )E X .   


Solution 
X 1 5 10 


( )P X  3 1
6 2
=  2 1


6 3
=  1


6


 Hence, 


 


( ) 1 1 1 231 5 10 3.83
2 3 6 6


⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠


E X  


 In other words, if this procedure is repeated many times, the selector would be 


expected to win 23$  or $3.83
6


 


Example 10 
One thousand tickets are sold at $1 each for a color television valued at $350. 


What is the expected value of the gain if a person purchases one ticket? 
Solution 


The problem can be set up as follow 
 Win Lose 
Gain X  $349 -$1 
Probability ( )P X  1


1000
 999


1000
For a win, the net gain is $349, since the person does not get the cost of the ticket ($1) 
back. For a loss, the gain is represented by a negative number, in this case -$1. The 
solution, then, is 


 ( ) ( )1 999$349 $1 $0.65
1000 1000


E X = × + − × = −  


This expectation means that the average of the losses is $0.65 for each of the 1000 
ticket holder. Another way, it means that if a person purchased one ticket each week 
over a long period of time, the average loss would be $0.65 per ticket. 
Example 11 


One thousand tickets are sold at $1 each for four prizes of $100, $50, $25, and 
$10. What is the expect value if a person purchases 2 tickets.  
 


Gain ($ X ) $98 $48 $23 $8 -$2 
Probability
( )P X  


2
1000


2
1000


2
1000


2
1000


992
1000


 


Solution: 


 ( ) ( )2 2 2 2 99298 48 23 8 2 1.63
1000 1000 1000 1000 1000


E X = × + × + × + × + − × = −  


An alternative solution is found by  


 ( ) 2 2 2 2100 50 25 10 2 1.63
1000 1000 1000 1000


E X = ⋅ + ⋅ + ⋅ + ⋅ − = − .   
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3.3.2 P
of a combination of 


ndom g result may be qui
For any random variables 1 2 3, , , ,..., kX X X X X and num er c 


roperties of Expectation Value 
Sometimes it is necessary to compute the expected value 


ra  variables, and the followin te useful.  
 b


( ) ( ) ( ) ( )1 2 1 2E X X E X E X E X+ + + = + + +  kX k


)  and   c( ) (E cX E X=


 ( )E c c=  


,a b ( ) ( )E aX b aE X b+ = +   and also, for all constants 


4 Discrete Distributions 


 single trial is equal to p and remains the 


interested in the r.v. X that counts the number of 
successes in n trials. 


here .  


4.1 Binomial 
 Binomial experiment (distribution) arises in the following situation: 


(i) the underlying experiment consists of n independent and identical trials. 
(ii) each trial results in one of two possible outcomes, a successes of a failure. 
(iii)the probability of success in a


same through the experiment. 
(iv) the experimenter is 


( ) , 1,2, ,x n xn
P X x p q x n


x
−⎛ ⎞


= = =⎜ ⎟
⎝ ⎠


…  


w 1q p= − 
 Mean:  npμ =


 Variance: 2 npqσ = , npqσ =  
Examp


oin is tossed 3 times. Find the probability of getting exactly 2 heads. 
Solutio


This proble
HT, HTH, THH, TTH, THT, HTT, TTT 


s


le 1 
A c
n: 


m can be solved by looking at the sample space.  
HHH, H


The answer i  3
8  or 0.375 


In this case, 1 1
2 23, 2, ,and n X p q= = = = . Hence, substituting in the formula gives 


 ( ) ( )


2 13! 1 1 32 heads 0.375
3 2 !2! 2 2 8


P ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟− ⎝ ⎠ ⎝ ⎠
 =


Examp


d at random, find the probability 
ly 3 will have visited a doctor last month. 


In this case,


le 2 
A survey found that one out of five Americans says he or she has visited a 


doctor in any given month. If ten people are selecte
that exact
Solution 


1 4
5 510, 3, ,and n X p q= = = = . Hence,  


( ) ( )


3 710! 1 43 0.201
10 3 !3! 5 5


P ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟− ⎝ ⎠ ⎝ ⎠
 


Example 3 
 Suppose that X has a binomial distribution with 10, .4n p= = .Find (i) 


ii) , (iii)( )4P X ≤ , (  ( )6P X < ( )4P X > . 
Example 4 
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A survey from Teenage Research Unlimited found that 30% of teenage 
consumers receive their spending money from part-time jobs. If 5 teenagers are 
selected at random, find the probability that at least 3 of them will have part-time 
jobs.  
Solution 


Let E be the event that at least 3 of teenagers will have part-time jobs. 
To find the probability that at least 3 have part-time jobs, it is necessary to find the 
individual probabilities for either 3, or 4, or 5, and then add them to get the total 
probability.  


( ) ( )
 ( ) ( )3 25!3 0.3 0.7 0.132


5 3 !3!
P = =


−
 


 ( ) ( ) ( ) ( )4 15!4 0.3 0.7 0.028
5 4 !4!


P = =
−


 


 ( ) ( ) ( ) ( )5 05!5 0.3 0.7 0.002
5 5 !5!


P = =
−


 


Hence  
      ( ) 0.132 0.028 0.002 0.162P E = + + =


4.2 Poisson1 
 The Poisson random variable arises when counting the number of event that 
occurs in an interval of time when the events are occurring at a constant rate, for 
instance, number of calls per minute in a switchboard, number of arrivals at an 
emergency room, number of items demanded from an inventory, number of error in a 
manuscript.  
 If X is a Poisson r.v. with a parameterλ , then  


( ) ; 0,1,2,
!


xeP X x x
x


λλ−


= = = …  


Note:  2.71828e ≈
 Mean: μ λ=  
 Variance: 2σ λ= , σ λ=  
 
Example 5 


If there are 200 typographical errors randomly distributed in a 500-page 
manuscript, find the probability that a given page contains exactly three errors.  
Solution 


First, find the mean number λ of errors. Since there are 200 errors distributed 
over 500 pages, each page has an average of  


200 0.4
500


λ = =  


or 0.4 error per page. Since , substituting into the formula yields 3X =


 ( ) ( ) ( )0.4 33 2.71828 0.4
3 0.0072


3! 3!
eP X


λλ
−−


= = = =  


Example 6 
A sales firm receives, on the average, three calls per hour on its toll-free number 


for any given hour, find the probability that it will receive the following  


                                                 
1 Siméon Denis Poisson (1781-1840), a French Mathematician 
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a. At most three calls, b. At least three calls, c. Five or more calls. 
Solution 


a. “At most three calls” means 0, 1, 2, or 3 calls. Hence, 


 
( ) ( ) ( ) ( ) (at most three calls 0 1 2 3


0.0498 0.1494 0.2240 0.2240
0.6472


P P X P X P X= = + = + = + =


= + + +
=


)P X
 


b. “At least three calls” means 3 or more calls” means 3 or more calls. Let E 
be the event of receiving 0, 1, or 2 calls. Then  


 
( ) ( ) ( ) ( )0 1


0.0498 0.1494 0.2240
0.4232


P E P X P X P X= = + = + =


= + +
=


2
 


 ( ) ( )1 1 0.4232 0.5768P E P E= − = − =  
c.  ( ) ( ) ( )


( ) ( ) ( )
( )


Five or more calls 1 [ 0 1


2 3 4 ]


1 0.0498 0.1494 0.2240 0.2240 0.1680
1 0.8152
0.1848


P P X P X


P X P X P X


= − = + =


+ = + = + =


= − + + + +


= −
=


 
 
 
 
 
 


4.3 Hyper geometric 
 The hyper-geometric distribution arises when one selects a random sample of 
size n, without replacement, from a finite population of size N divided into two 
classes consisting of D elements of the first kind and N − D of the second kind. Such a 
scheme is called sampling without replacement from a finite dichotomous population. 
This situation can be summarized by the contingency table as follow: 


 Drawn Not Drawn Total 
One kind x D-x D 
Other kind n-x N-D-n+x N-D 
Total n N-n N 


 


 Formula: ( )


D N D
x n x


P X x
N
n


−⎛ ⎞ ⎛ ⎞
×⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠= =
⎛ ⎞
⎜ ⎟
⎝ ⎠


 


Example 7 
Suppose a committee of four people is to be selected from seven women and 


five men. What is the probability that the committee will consist of three women and 
one man?  
Solution  
  


 ( )


7 5 7! 5!
3 1 354!3! 4!1!3 12!12 99


8!4!4


P X


⎛ ⎞ ⎛ ⎞
×⎜ ⎟ ⎜ ⎟ ⋅


⎝ ⎠ ⎝ ⎠= = = =
⎛ ⎞
⎜ ⎟
⎝ ⎠


 


Example 8 
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Ten people apply for a job as assistant manager of a restaurant. Five have 
completed college and five have not. If the manager selects three applicants at random 
find the probability that all three are college graduates. (Answer:1/ ) 12
Example 9 


A lot of 12 compressor tanks are checked to see whether there are any 
defective tanks. Three tanks are checked for leaks. If one or more of the three is 
defective, the lot is rejected. Find the probability that the lot will be rejected if there 
are actually three defective tanks in the lot. (Answer: 0.62) 
Example 10 


Assume that there are 5 white and 45 black marbles in the urn. Standing next 
to the urn, you close your eyes and draw 10 marbles without replacement. What is the 
probability that exactly 4 of the 10 are white? (Answer: 0.00396) 
 
5 Normal Distribution or Gaussian2 distribution 
5.1 Normal and Standard Normal Distribution  


The normal distribution or Gaussian distribution is a continuous 
probability distribution that often gives a good description of data that cluster 
around the mean. The graph of the associated probability density function is bell-
shaped, with a peak at the mean, and is known as the Gaussian function or bell curve. 
This bell-shaped curve is characterize by the function 


( ) ( ) ( )2 22


2


1 ;
2


xf x e xμ σ


πσ
− −


= ∈  


 Standard Normal Distribution is the normal distribution with the mean 
0μ = and variance . Hence the corresponding function is  2 1σ =


( )
2


21
2


z


f z e
π


−
=  


 
 
 
 
 
 


X 
Z0


Standard Normal Curve
 
 
To transform a nonstandard normally distributed r.v X to a standard one, we use the 
formula 


XZ μ
σ
−


=  


The probability of Z between a and b (a and b are any two values on horizontal axis) 
is the area under the standard normal curve between a and b.  
Example 1 
 Suppose that the r.v Z has the standard normal distribution. Find the following 
probabilities. 


(a)    (b) ( 1P Z < ) ( )0.03>P Z  (c) ( )1.87<P Z   


                                                 
2 Carl Friedrich Gauss (1777–1855), a German Mathematician and Physicist. 


 57



http://en.wikipedia.org/wiki/Continuous_probability_distribution

http://en.wikipedia.org/wiki/Continuous_probability_distribution

http://en.wikipedia.org/wiki/Expected_value

http://en.wikipedia.org/wiki/Probability_density_function

http://en.wikipedia.org/wiki/Gaussian_function





Lecture Note  Random Variable and Probability Distribution 


(d)  (e) ( )1.87 1− < <P Z ( )4.7>P Z  
Answer: (a) 0.8413 (b) 0.4880 (c) 0.0307 (d) 0.8106 (e) ~1 


Example 2 
 Find the value of z so that (a) ( ) 0.9< =P Z z  (b) ( ) 0.01> =P Z z  (


(P ) ( )P


c)


(c) 0.1< =Z z  0.95 . − < < =z Z z
Example  3 
 Suppose X is normally distributed with 20μ = and 4σ = ( ( )2,X N μ σ∼ ). 


Find the following probabilities: (a) ( )26<P X  (b) ( )18>P X  (c) ( )15 21< <P X  
Solution 


 We apply the formula XZ μ
σ
−


= , then  


(a) ( ) ( )26 2026 1.5 0.9332
4
−⎛ ⎞< = < = < =⎜ ⎟


⎝ ⎠
P X P Z P Z  


(b) and (c) are left for the reader.  
 
5.2 Applications of Normal Distribution 
Example 4 
 On a certain scale, measurement errors are made. They are normally 
distributed with mean equal to 0 and standard deviation equal to 0.1 ounce. If you 
weight an object on this scale, what is the probability that the measurement error is no 
greater than 0.15 ounce?   
Solution 
 Let X denote the measurement error made when an object is weighted on the 
scale. Our goal is to find . Since ( 0.15 0.15− < <P X ) 0μ = and 0.1σ = we use the 
transformation formula to obtain 


( )


( )


0.15 0 0.15 00.15 0.15
0.1 0.1


1.5 1.5
0.8664


− − −⎛ ⎞− < < = < <⎜ ⎟
⎝ ⎠


= − < <


=


P X P Z


P Z  


Hence, there is about 87% chance that the error in measurement is no greater than 
0.15 ounce.  
Example 5 
 The number of loaves of bread that can be sold during a day by a certain 
supermarket is normally distributed with 1000μ = loaves and 100σ = loaves. If the 
market stocks 1200 loaves on a given day, what is the probability that the loaves will 
be sold out before the day is over? 
Solution 
 Let X denote the # of loaves that can be sold during a day. So, we wish to find 


. ( )1200>P X


( ) ( )1200 10001200 2 0.0228
100
−⎛ ⎞> = > = > =⎜ ⎟


⎝ ⎠
P X P Z P Z  


Hence, there’s about 2% chance that the loaves will be sold out before the day is over. 
Example 6 
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 To qualify for a police academy, candidates must score in the top 10% on a 
general abilities test. The test has a mean of 200 and a standard deviation of 20. Find 
the lowest possible score to qualify. Assume the test scores are normally distributed.  


(Answer: Anybody scoring 226 or higher qualifies. ) 
Example 7 
 The lengths of trout in a certain lake are normally distributed with a mean of 7 
inches and a standard deviation of 2 inches. If the fish and game department would 
like fishermen to keep only the largest 20% of the trout, what should the minimum 
size for ‘keepers’ be? (Answer: 8.68 inches) 
 
5.3 Normal Approximation to Binomial Distribution 


Suppose X is a binomial r.v. arising from an experiment with n trials and 
success probability p. If n is large, then the distribution of X is approximately normal 
with mean μ and standard deviationσ , where 


npμ =  and ; 1npq q pσ = = −  
In order that this approximation can be suitable n should satisfy np>5 and nq>5. 


To apply the approximation and use normal distribution we need the 
correction for continuity. It is summarized in the table below 


Binomial Normal 
When finding Use 
(i).  ( )P X a= ( )0.5 0.5P a X a− < < +


( )P X a≥


 


(ii).  ( )0.5P X a> −


( )P X a>


 


(iii).  ( )0.5P X a> +


( )P X a≤


 


(iv).  ( )0.5P X a< +


( )P X a<


 


(v).  ( )0.5P X a< −  
Remark For simplicity of the problem the correction for continuity is neglected if n is 


large enough.  
Example 8 
 The probability that a certain surgical operation is successful is 0.8. If the 
operation is performed on 120 people, find the probability that 90 or more operations 
are successful. 
Solution 
 The suitability for the approximation: 
p=0.8, n=120, then q=1-0.8=0.2 and np=120×0.8=96>5 and nq=120×0.2=24>5.  So, 
the approximation is suitable. 120 0.8 96npμ = = × = and 120 0.8 0.2 4.38σ = × × = .  
For this problem we wish to seek for ( )90P X ≥ . Using the correction for continuity, 


we will have to find  ( )89.5P X >


( ) ( )89.5 9689.5 1.48 0.9147
4.38
−⎛ ⎞> = > = > − =⎜ ⎟


⎝ ⎠
P X P Z P Z  


That is, it is about 91% likely that at least 90 of the 120 operations are successful.  
Example 9 


If a baseball player is battering average is 0.320 (32%), find the probability 
that the player will get at most 26 hits in 100 times at bat.  


(Hint: ) 0.32, 0.68, 100,answer: 11.9%p q n= = =
 





